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Preface 


Integral Equations are being used as an essential effective tool by the 
mathematicians, engineers and theoretical physicists to understand and solve 
research problems in their field. Two-point initial value problems and boundary 
value problems with fixed and variable boundary are often encountered by 
researchers. 

Integral equations have now been established as a far effective and highly 
useful branch in almost all disciplines of knowledge. Hence, this course has 
been taken as an indispensable part of syllabi of all Indian universities at 
postgraduate level. Not only that, in competitive examinations like NET/SET, 
this course inherits importance. Therefore, it becomes necessary for students 
and teacher alike to follow the concepts and operations of integral equations. 

Looking to these requirements, we have tried to provide the concepts and 
principles quite clearly and in an organised manner. In order to make the book 
user-friendly, we have presented the matter in a simple way and it is complete 
in all respects from the examination point-of-view. By presenting sufficient 
number of assorted examples, we have tried to inculcate the habit and create 
confidence in students to try to solve more and more problems on their own. 

Because of author’s long experience of teaching and also being actively 
engaged in research, it is expected that the book shall prove immensely 
beneficial to the students for whom it is meant. 
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acknowledged. 
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( CHAPTER 1 


Basic Concepts 


1.1 INTRODUCTION 


Various physical problems in physics and other applied fileds culminate into 
initial value problems or boundary value problems. Although it is equivalent to 
frame the problem in the form of (ordinary and partial) differential equations 
or in the form of integral equations, but it is preferred to choose the integral 
form due to two main reasons. Firstly, the solution of integral equation is much 
easier than the original boundary value or the initial value problems. The second 
reason lies in the fact that integral equations are better suited to approximate 
methods than differential equations. Moreover, integral equations develop as 
representation formulae for the solution of differential equations. We will find 
in the forthcoming chapters that differential equations can be replaced by an 
integral equation with the help of initial and boundary conditions. As a result, 
each solution of the integral equation satisfies the boundary conditions itself. 


1.2 ABELS PROBLEM 


In 1826, Abel obtained an integral equation by considering the motion of a 
material point P(x, y) under the action of force of gravity moving in vertical 
plane (€, 7) along some smooth curve. It is required to establish the curve 
such that the material point P, starting from rest at P(x, y) reaches the point 
O(é, 7) at any instant t. Let T be the time taken by the particle from P to the 
lowest point O, the origin of coordinates and axes, as shown in Fig. 1.1. Let 
OQ =s, then the velocity of particle at QO is 
ds 


ae 2a(x - 6) 


— Q ds 
tai =f, atx -8) 
1 
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P(x, y) 


Fig. 1.1 Particle falling under gravity along the curve PQO. 


Now, if the shape of curve is given, then s, and hence, ds can be expressed 
in terms of €. We take 


ds = u(&)d&, and then 


r= —_ 
0 /2g(x- 


Here, if the curve is such that the time of descent T is a function of x, 
say, f(x), then the above relation shapes as 


x 1 
f@)= iP Jay oO” 


This leads to find the unknown function u(&) and we get Abel’s integral 
equation. 

During the analysis, it is found that an initial value problem is always 
converted to a Volterra integral equation, while a boundary value problem 
is always converted to a Fredholm integral equation. Before we take the 
classification of integral equations, it is worth to be familiar with the initial 
value problems and the boundary value problems. 


1.3 INITIAL VALUE PROBLEM AND BOUNDARY VALUE PROBLEM 


Initial value problem 


When an ordinary differential equation is solved under conditions which involve 
dependent variable and its derivative at the same value of its independent 
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variable, then the problem under consideration is said to be an initial value 
problem. 
For instance 


mt 


9" & ay" 4 2G" = x)y =e 
with the conditions y(0) = 1, yO) =—-1, y"(0) =k 


Boundary value problem 
When an ordinary differential equation is solved under conditions which 
involve dependent variable and its derivative at two different values of 
independent variable, then the problem under consideration is said to be a 
boundary value problem. 

For example 

y" + xy’ + 2y =e” 
with the conditions y(0) = 0, y'(_) = -l 


1.4 INTEGRAL EQUATION 


An integral equation is an equation in which one unknown function (which is 
to be determined) appears under one or more integral signs. If in the equation, 
the derivatives of this unknown function are also present, it is called an integro- 
differential equation. 

For example, for a<x<b,a<&<b, the equations 


linmy MO) = fl) FAY K(x, 6) ulG) a, [1.1(a)] 

{ vte) 
. u(x) =f. K(x, &)-u(G) dé [1.106)] 
(ron tine) ux) =A [PK E)-[Mf)P dé [1.1(0)] 


are integral equations. u(x) is an unknown function, f(x), K(x, 6) are known 
functions and A, a, b are constants. The functions involved may be complex 
valued functions of real variables x and €. 


MA KOs £).u(Odé = f(x), a<x<b [1.1d)] 


is integro-differential equation of 
The known bivariate function 


In the book, we shall find various forms of this 
kernel and will establish the solution of the integral equation consequentely. 

An integral equation is called 
, which means it is the equation in which no 
non-linear functions of the unknown function are involved. Equations [1.1(a)] 
and [1.1(b)] are linear equations. An equation which is not linear is known as 
non-linear integral equation, as shown in Eq. [1.1(c)]. 


4 Integral Equations 


The most general linear integral equation may be shaped as 


‘where the upper limit of the integral may be variable or constant, The functions 


v, f, K are known functions and wu is to be determined, A is a non-zero 
parameter, which may be real or complex. 

The importance of keeping 1 separate from K lies in the fact that it plays 
an essential role in the theoretical arguments for the problem under context. 


Kinds of linear integral equations 
1. First kind, if v = 0, Eq. (1.2) reduces to 


f(x) +A] K(x, 6)- wd) dé =0 
2. Second kind, if v = 1, Eq. (1.2) provides 
u(x) = f(x) +A] K(x, 6)-u(S) dé 


3. Third kind, if v#0, Eq. (1.2) itself works. 


1.5 SPECIAL KINDS OF KERNELS 


As mentioned earlier, the role of the known bivariate function K(x, &) is quite 
significant both from the problem and its solution point-of-view. Mainly, we 
shall come across with the following forms: 


1. Symmetric kernel: The kernel K(x, 6) is symmetric (complex symmetric 
is also called Hermitian) if 


K(x, 6) =K(6, x) 
where the bar represents the complex conjugate. A real kernel is symmetric 


if K(x, 6) = K(€, x). For instance e% is symmetric, while tan! (4) is not a 
symmetric kernel. = 


2. Separable or degenerate kernel: If K(x, £)= > 2(2). h(€) means K 

i=l 
has been expressed as the sum of a finite number of terms, each of which is 
the product of function of x only and € only, then such a kernel is called 
separable or degenerate kernel. Obviously, gx) and h&) are linearly 
independent (or else some of the terms will combine, and consequently, the 
number of terms will reduce). A degenerate kernel has a finite number of 
characteristic values. 


3. Difference kernel: A kernel of the form K(x — &) is called difference 
kernel. 
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1.6 CLASSIFICATION OF INTEGRAL EQUATION 


Integral equations are classified into the following four classes: 


1. Fredholm integral equation 

2. Volterra integral equation 

3. Singular integral equation 

4. Convolution integral equation 


Fredholm integral equation 


A linear integral equation of the form 


v(ar)-u(x) = fla) + AP. K(x, )- ul) ag (1.3) 


where a and b both are constants is called Fredholm integral equation of the 
third kind. Here, f(x), v(x) and K(x, &) are known functions, u(x) is unknown 
function and / is real or complex parameter. 

Now, if in Eq. (1.3), we set v(x) = 0, then we get 


F(x) + Af Kx, 8) -ulGdé =0 (1.4) 


and it is Fredholm integral equation of the first kind. 
Next, if in Eq. (1.3), v(x) = 1, we get 


b 
u(x) = f(x) +A] K(x, &)-w(G)dé (1.5) 
and it is Fredholm integral equation of the second kind. If in Eq. (1.5), 
f(x) = 0, i-e., 
b 
u(x) =A] K(x, €)-u(E)dé (1.6) 
it is known as homogeneous Fredholm integral equation of the second kind. 


Volterra integral equation 


A linear integral equation of the form 


v(x)-u(x) = f(a) + AP" K(x, 6) -uG) a8 (1.7) 


where the upper limit of the integral is variable, v(x), f(x) and K(x, &) are 
known functions and u(x) is unknown function, is said to be Volterra integral 
equation of the third kind. As usual A is a real or complex parameter and the 
function K(x, &) is the kernel of the integral equation. 

If we set v(x) = 0, i.e., Eq. (1.7) takes the form 


f(x) +A] K(x, 8)-ulB)dé =0 (1.8) 


then it is called Volterra integral equation of the first kind. 
Again, if u(v) = 1, Eq. (1.7) takes the shape 
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u(x) = f(x) + Af Ke, E).u(E)dé (1.9) 


then it is called Volterra integral equation of the second kind. 
Further, if in Eq. (1.9), f(x) = 0, then it becomes 


u(x) =A K(x,8).u()d6 (1.10) 
and is called homogeneous Volterra integral equation of the second kind. 


Singular integral equation 
An integral equation is a singular integral equation, if either 


1. One or both the limits of integration are infinite, or 
2. The kernal becomes infinite at one or more points within the range of 
integration. For instance, 


u(x)= fOxy+af eb 4 wOdé 
and W= fa pa MoM 0<a<l 


are both singular integral equations. 


Convolution integral equations 


If the kernel K(x, &) is a function of one variable and is of the type K(x, &) = 
K(x — &), then the integral equations, i.e., Eqs. (1.5) and (1.9) take the shape 


u(x) = fla) +A K(x- 6) -u(E)dé (1.11) 
and u(x) = f(x) + ay’ K(x—€)-u(E)dé (1.12) 


respectively, and are called integral equations of convolution type. 
Further, if u,(x) and u(x) are two continuous functions defined for x = 0, 
then the convolution or faltung of uw; and wu, is expressed or defined by 


uy, uy = fm (x-8)-uy (dé = fm ()-my(x-HdE (1.13) 


1.7. ITERATED KERNELS 


1. For the Fredholm integral equation of the second kind [Eq. (1.5)], we define 
the iterated kernel, K,(x, 6), n = 1, 2, 3, ... as below: 


K(x, €) = K(x, &) 
and K,(x,6)= [KOK (z,é)dz, n=2,3 (1.14) 


2. For the Volterra integral equation of the second kind [Eq. (1.9)], we define 
the iterated kernels K,(x, 6), n = 1, 2, 3, ... as below: 


K,(x, 6) = K(x, 6) 
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and K,(x,6) = [KODE (z,€)dz, n=2,3,... (1.15) 


1.8 RECIPROCAL KERNAL OR RESOLVENT KERNEL 


Let the solutions of integral equations, i.e., Eqs. (1.5) and (1.9) of the second 
kind be: 


u(x) =f + Af REA Oaé (1.16) 


and u(x) = f(x) + Af Sx, G ASE) (1.17) 


respectively, then R(x, €; A) and S(x, &; A) are called the reciprocal or resolvent 
kernel of the respective integral equation. 


1.9 EIGENVALUES AND EIGENFUNCTIONS 


We consider the homogeneous Fredholm integral equation 


u(x) =A” K(x,Eu(E)aé (1.18) 


for which u(x) = 0 is an obvious solution. This solution is taken as zero or 
trivial solution. 

The values of the parameter A for which Eq. (1.18) possesses non- 
zero solutions [u(x) # O] are the eigenvalues of Eq. (1.18) or of the kernal 
K(x, &). Further, corresponding to such eigenvalues of A, every non-zero 
solution of Eq. (1.18) is called an eigenfunction. 


Remarks: |. Eigenvalues are also termed as characteristic values or characteric 
numbers. Similarly, eigenfunctions are also called characteristic 
functions or fundamental functions. 

2. A = 0 is not considered as eigenvalue, since it corresponds to 
u(x) = 0. 

3. Corresponding to eigenvalue A, u(x) and C u(x) are eigenfunctions 
for arbitrary constant C. 

4. The set of all characteristic numbers of an integral equation with 
a kernel K(x, &) is called the spectrum of the kernel (or of the 
integral equation). 

5. A homogeneous Fredholm integral equation may not possess any 
real eigenvalue or eigenfunction. 
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1.10 SOLUTION OF AN INTEGRAL EQUATION 


A solution of an integral equation [such as Eqs. (1.3) and (1.7)] is a function 
u(x), which when substituted in the equation, reduces it to an identity. For 
example, for the integral equation. 


u(x) =1+ J w()dé 


the solution is u(x) = e*, which is verified immediately. 
When we take the questions for different kernels, we need two specific 
formulae of integration, which are as follow: 


1. Formula for converting a multiple integral of order n into a single 
ordinary integral of order one: It is given below: 


J w&(a8)" -[—- 7 u(é)dé (1.19) 


[(d&)" is also written as d&"] 
2. Leibnitz’s rule of differentiation under the sign of integration: If F(x, ¢) 


oF : ; : ke 
and Oe are continuous functions of both x and € and if the first derivatives 


x 
of G(x) and H(x) are continuous, then 
H(x) H(x) OF 
< gi FOr OE = ie 5p de tls Hy) - Fla, Gay (1.20) 
If Gq) and H(x) are constant functions, then Eq. (1.20) reduces to 
uy: 
<i F(x,6)d6 = Jo 54 (1.21) 


Z 2 
EXAMPLE 1.1: Show that the function u(x) =e ‘ -2) is a solution of 
1 
Fredholm integral equation u(x) + 2], e* Su(E)d& = 2xe*. 


2 
Solution: We have u(x) =e* [2x - 2] 


u(é) = e& [25 - ;) , 


Then, the L.H.S. of the given integral equation 


2 1 2 
5% = x-§ 6 a= 
=e (2: =)4+2{ 6 e (2¢ = ag 

r 

=e [2x-2} 426" le -28] 

3 3 Ik 
= e' (20-2) +-26'| 1-2] = 220" 

3 3 
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L.H.S. = R.HLS. 
Hence proved. 


EXAMPLE 1.2: Show that the function u(x) = xe* is a solution of the 
Volterra integral equation. 


u(x) =sinx + 2), cos(x —€) .u(E)dé 


Solution: We have u(x) = xe* 
u(é) = §-€ 
Then, the R.H.S. of given integral equation = sin x + 2), cos(x — €)-é- ee dé 
=sinx+ Nee -e§ fcos(E— x) }dE 


(Now, integrating by parts) 


x 


g 
=sinx+2- : . Fy leone —x)+sin(é >| 


0 
x @& ' 
-2- J, 1 Ta oe —x)+sin(é —x)tdé 


=sinx +xe* — i e® cos(E—x)dE — ie e® sin(E — x)dé 


§ 
= sinx + xe" — [Stowe —x)+sin(€ - | 


0 


x 


e 7 
|S sing - x) _ cos(& _ »| 


0 


; 2 il : . | eee 
=sinx+xe" — [<- ee - wns) [Seo - aus —cosx) 
= xe* = u(x) 
L.H.S. = R.HLS. 


Hence proved. 
EXAMPLE 1.3: Show that u(x) = cos2x is a solution of the integral equation 


u(x) =cosx +3) K(x, 6)-u(E)aé (i) 
_ Jsinx.cos§, OSx<é€ 7 
where, BCaG)= pe -sin€, E<x<ax oY 


Solution: We have u(x) = cos2x, which means u(&) = cos2é, and thus, the 
R.H.S. of Eq. (i) shapes as [we use kernel as defined by Eq. (ii)] 
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=cosx + la cosx-sin§€-cos2éd& + al sinx-cos&-cos2é dé 
=cosx +3 cosx | (cos2€-sin€)dé +3 sinx”"(cos2é -cosé)dé 


=cosx + $005 xf) (sin3é —sin€)d& + sins J" (cos3é +cos&)dé 


x Tw 


=cosx + F0sx| ~1 00534 + coss| 


+ Sains| sin3g + sing 


0 ix 


3 1 1 
=cosx +—cosx| ——cos3x+cosx+——-1 
2 3 3 
3. 1. . 1. : 
+—sinx| —sin3z + sinaz ——sin3x —sinx 
2 3 3 
1 * : 3 2 Se 
EOS ES | OSH COS Ten HSI) | (S08 x —sin“ x)—cosx 


1 
= tps ee wow = cos 2x = u(x) 
2 2 
Hence, u(x) = cos2x is a solution of the given integral equation. 
. ({ Wx 
EXAMPLE 1.4: Show that the oa u(x) = sin( 2 5 | is a solution of the 


Fredholm integral equation u(x) ay K(x, €)u(&)d§ =—, where the kernel 
is of the form 
x(2-€)/2, 0<x<é, 
K(x, §)= 
€(2—x)/2, E<x<l 


Solution: Since u(x)= sin( 2) , we have u(&) =sin (=) 


L.H.S. of the integral equation 


TX 


= sin EL K(x8)-u(G)d&+ f' K(x, 6)-ul8) a5 | 


Now, substituting for kernel K(x, €) and u(&), we get 


ccm E(2— weet x(2- asin af] 


sin —™ Q x». gsin™ ag" fie- B)sin = a 


a a ee _cos(&/2)| |) px, f_ cos(aé/2) 
accel a rao offs cosine q Jeu es 
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[let =i “LoS ae 


mx nt C x)| 2x | mx = = 
a mi yae sin —— 
1 1 2 Jo 
1 
2 2. 2 
= fm x)eos -—. isin sh | 
1 a 1 2), 
; 7 e- x) 2% . UX 
=sin™ sin 
=. am 2 
"2ftn a =x)oos——=—>+1+ 2 sin =| 


x. : : : : 
Thus, u(x) => is a solution of the given integral equation. 


EXERCISE 1.1 


Verify that the given functions are solutions of the corresponding integral 


equations: 


2 7 __! xg 
1. u(x) =(1+ x7) Nua) = —— “ste u(E) dé 
2. wx)=1, u(x) + [mes ~1u(é)dé = e* — x 


‘ we 


3. Wa lh Gore 


4. u(x)= Vx, u(x) — “hi K(x, €)u(E)dé 


#2=5) oey ee 


= Vx +40"? — 7), K(x, 8) = 
" s0=9) gexsi 


3 x 
5. sax“; g(x) =x J, sinh) edt 


%, 6% 6°, 
“~ ~ “e 


4 CHAPTER 2 


Applications to Ordinary 
Differential Equations 


2.1 INTRODUCTION 


The quest for establishing a representation formula to replace an ordinary 
differential equation (with initial value problem or boundary value problem) 
always leads to an integral equation. More specifically, it is found that an initial 
value problem is converted to a Volterra integral equation, while a boundary 
value problem is converted to a Fredholm integral equation. Finally, it eases 
our work of finding the solution of integral equation thus obtained. 

Recalling once more, in an initial value problem, the boundary conditions 
are for the same value of independent variable, while in the case of boundary 
value problem, the boundary conditions are for different values of independent 
variable. 


2.2 METHOD OF CONVERSION OF AN INITIAL VALUE 
PROBLEM TO A VOLTERRA INTEGRAL EQUATION 


Let an ordinary differential equation of order n be 


d" qt! qt? 
> (+a) <—tO(X)- Y= AR) (2.1) 
with the initial conditions 
V4) = qos ¥'(@) = 5-2 ¥(@) = Ay (2.2) 
where (x), O(X), ..., O%,(x), O(x) are defined and are continuous ina <x <b. 


Let u(x) be an unknown function such that 


n 


* = u(x) 

dx (2.3) 
Integrating Eq. (2.3) from a to x, we get 
12 
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dy ta x 
hel = J u(x) dx 


qt! 7 + 
or ee a= u(x) dx 
ao fy x 
or oe =f ux)dx+q,, [using Eq. (2.2)] (2.4) 
IX a 
n-1 
or fy uadtta, (2.5) 
a 
Integrating Eq. (2.4) with respect to x from a to x, we obtain 
ary ia x 5 ¥ 
—— | =] u(x)(dx)° +] gq, ad 
i | J. J, | 
dy -2 * 2 
or <= yl) (a) = | u(x) (de)? + 9,1 (8) 
dx 2 
d"y x 3 . 
or ae =f u(x)(dx)? + (x- aq, +4, [using Eq. (2.2)] (2.6) 
IX a 
d"*y x 2 
or =| u(t)(dt)’ +(x-a)q,_) + 9y- 
a ), 
Now, using Eq. (1.19) (i) for the double integral, we get 
a” *y x 
pant = J, DUdt + (= dy + In-2 (2.7) 
IX 
Now, integrating Eq. (2.6) with respect to x from a to x 
d"y ij _ x F 3 x A * 
Pre = J ux\dey + 4,1) (@- ade + yo] dx 
ay i x (x -a)’ ia " 
or re ae, X(a)= i u(x)(dx)° +t 5 : +4q,.[x], 
"yop 344. @-@ 
or =f uxy(aey +9, +q,-9(X-@) +q,-3 (2.8) 
dx" a 2! 
a" yp 34, xa)? 
or es = J ula(dty +44 a OG y-2 + Ins 
Now, applying Eq. (1.19) for the triple integral, we get 
d”*y _ px(x-t? (x-a)” (x —a) 
i =| rT u(t)dt +q,-1 ry +4,-9 7 +4q,-3 (2.9) 
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Proceeding in this way, we get it reduced to 


dy px(x-1)"? @=a)"" (x=a)"? 
a (naa MOM + IG oy 142 Gy) 


to + qy(x-atq 


—2)! 
(2.10) 
_ yn nel _ yy\n-2 
and y= ii a u(t)dt+q,_1 7 Or +99 - aor 
te +g) (X-a)+q (2.11) 


Now, multiplying Eqs. (2.3), (2.5), (2.7), (2.9), ..., (2.11) by 1, a(x), ob), 
we» Oy_{(x) and (x), respectively, and adding, we get 


d"y oy ay dy 

+O (x + Oy (x tet, i (X)—+ a, (xX): 
dx" ( = 2( vr n iC ee ( ) Jy 
= u(x) + [4,10 (x) + {9,2 +(x - aq, }a(x) ++ 
(x-a)"! 


a ga (he) gee a at 


—ty _ ar-l 
+f] tor +0509 +59 a(x) + SE 


Now for L.H.S., we use Eq. (2.1) and let 


a, ono (2.12) 


W(X) = Gy 1 (2) + {Gng +X - Dqy-7 bg (x) + 


_ n-1 
fa +q\(x-a)++++9,-4 a a0 


(n—1)! 
| mare 
and K(x,0) =—| 0, (x) +(x — Da, (x) +++» + ——— a, (x) 
(n—-1)! 

so that Eq. (2.12) reduces to 

Wx) = u(x) + W(x) - [Ke t)-u(t)dt (2.13) 
Again, let @(x)—-y(x) = f(x), then 

u(x) = f(x) + J Ke t)-u(t)dt (2.14) 


which is Volterra integral equation of the second kind. Thus, we have found a 
relation between a linear differential equation (Eq. 2.1) and a Volterra integral 
equation, which establishes that an initial value problem is converted to a 
Volterra integral equation. 


EXAMPLE 2.1: Transform the initial value problem 
2 


fY 4 y=1,0)=0,y'(0)=0 
dx 


to a Volterra integral equation of the second kind. 
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Solution: The given differential equation is 


d’y 


eae a 1 (i) 
dx 
subject to initial conditions 
y(0) = 0, [ii(a)] 
y(0) =0 [ii(b)] 
ik 
Let <* =u(x) (iii) 
dx 


Now, integrating Eq. (iii) with respect to x from 0 to x, we get 


dy fg pe dy Hi f* 
Fal = J, u(xjdx or = -— y'(0)= i u(x)dx 


which on using Eq. [ii(b)], becomes 


dy (x 
ae = J, u(x)dx (iv) 
dy x 

or re J, u(t)dt (v) 


Now, integrating Eq. (iv) with respect to x and using Eq. [ii(a)], we obtain 
Y(x) = (0) = J u(xy(axy? > yO) = Juan? 
which on applying Eq. (1.19) gives 
v(x) = J (Oude (vi) 
Finally, putting fy from Eq. (iii) and y from Eq. (vi) into Eq. (i), we get 
IX 
u(a)+x] [2 - fu(tt| =1 or u(x)=1 -J@ —~f)u(t)dt 
which is the required equation. 
EXAMPLE 2.2: Transform the initial value problem 
ae -2xv=0 
subject to initial conditions 


0) =5.¥'O)=Ly"O)=1 


into a non-homogeneous Volterra integral equation of the second kind. 
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Solution: 


The given equation is 
3 


a -2xy=0 (i) 
Ix 
d’y 
x 


Integrating Eq. (ii) with respect to x from 0 to x, we get 


d’y i * ” wu” * 
Fel =|, u(x)dx or y"(x)—y"(0) = J, u(x) dx 
or y'(x)=1+ i u(x) dx (iii) 
Again, integrating Eq. (iii) with respect to x from 0 to x, we obtain 


[eo], =f, ae +), eons? 


or y(x)=l+x4 J, u(x)(de)? (iv) 


Integrating once more with respect to x from 0 to x, we get 


y(x) — (0) = J, dx + [? dx + [woe 


2 
or y(x) = steht J, wary 


2 2 
or yx) = c +x+ : J. [ i = u(t)dt [using Eq. (1.19) (v) 


Now, putting the values from Eqs. (ii) and (v) in Eq. (i), we get 


u(x) — 2x ares eae u(t)dt = 0 
5 5 0 2! 


or u(x) =x(x+ 1’ + Jo2G - iy u(t)dt, which is the required equation. 


Note: In this example, we have not changed the variable of integration from 
x to t for yx) and yx), since this change was not required. 


EXAMPLE 2.3: Form an integral equation corresponding to the differential 
equation 
ay. 
ga ee ‘y=Xx 
da? dx 


with the initial conditions 


y(0) = 1, yO) =-1 
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Solution: 


The given equation is 


y . dx 
——-sinx— +e -y=x (1) 
dx* dx - 
Let 
L 
oF u(x) 
dx (ii) 


Integrating Eq. (ii) with respect to x from 0 to x 


dy i“ x dy , =e 
Fal = [jude ot 7 —y'O)= J, wxyde 


dx 0 
or ae J ued (iii) 
dx 0 
or ay =-l1+ [ u(t)dt (iv) 
dx 0 


Integrating Eq. (iii) again with respect to x from 0 to x, we get 


[oe] =a + J, weary? 


or y(x) — (0) = =x + J u(x)? 
or v(x) =1-x+ if u(t)(dt)? 
or y(x) =1l-x+ i, (x —t)u(t)dt (v) 


d 2 
Putting the values of We and ra from Eqs. (v), (iv) and (ii), respectively, 
X X 


in Eq. (i), we get u(x) =x —sinx —e*(l—x)+ J, [sinx —e*(x —f)Ju(t) dt, which 


is non-homogeneous Volterra integral equation of second kind. 


EXERCISE 2.1 


1. Reduce the following initial value problems to Volterra integral equations 
of the second kind. 


d’y dy y 
(a) ae ee L, y(0) =0 
1X 


(b) y”t+xy’+y=0, ¥(0)=1,y'(0) =0 
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(c) y” +xy" +(x? —x)y =xe* +1, yO) = 1, yO) = 1, y%(0) = 0 
d y , 
(d) Pema (ea Ot (x)y = F(x), y(0) = cg, ¥'(0) = ¢ 
Answers: 


(a) u(x)=3+ in (5x —3t)-u(t)dt 
(b) u(x)=-1- J, (2x —1)-u(t)dt 
(c) u(x) = xe" +1—x(x7 -1)- Je + se —x\(x- 0? ja 


(A) u(x) = F(a) ~ 610%, () + (ey + 61x) (x) ~ J fon (2) + 029 (2).( - Dut 


2.3 ALTERNATE METHOD OF TRANSFORMING THE INITIAL 
VALUE PROBLEM INTO A VOLTERRA INTEGRAL EQUATION 
We can convert a linear differential equation describing an initial value 
problem into a Volterra integral equation by a different procedure also. Another 
advantage with this method is that we can derive the original differential 


equation with its initial conditions from the transformed integral equation. The 
procedure will be clear through the examples given here. 


EXAMPLE 2.4: Transform the following initial value problem into an 
integral equation: 
dy 
2 atx) + Ody = V(X), WA) = d,y"(a) = bo 
Solution: The given differential equation is 


2 


d“y dy : 
2s i ae ee) aC ae (i) 
and the given initial conditions are 
y(d) = ap [ii(a)] 
y(@ = bo [ii(b)] 


Integrating with respect to x from a to x 
dy] _ fp xf ay 
=/= x)— B(x)y(x) pdx — | 4 (x) dx 
Fal J {7@)-B@) yoo} in oo 
Now, integrating by parts, 


or 2p, = [fr Bea }ar—[atx) ven]; + fa) vera 
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Now, using Eqs. [ii(a)] and [ii(b)], 
dy _ 
dx 


Integrating again with respect to x from a to x, 


bv} = J {5 + (a): ay }dx — Jax) v(x) 


or 


by — (x) p(x) + O(a) a9 + J" {7(8) - BY) + a(x) fax 


a li {y(x) — B(x)y(x) + (x) - (x) } (ax? 
or V(x) = y(a) = {by + O(a) ay}(x—a)— Joe) at 


+f 1O-BO-yO+a'O-WOH(as? 
Now, using Eq. (1.19), we get 
V(x) = ay +(x =a) {by + O(a): ag} — J" aCe) wat 

+ fd - BOO) + @'yO} (ad) 
or V(X) = dy +(% — a) {Dy + ay - (a)} + Joe —t)y(t)dt 

— fla) +(e DBO - a} 1 yOat 
This is the required integral equation. 
EXAMPLE 2.5: Convert y”—sinx-y’+e*-y=x with initial conditions 
y(0) =1, y’(0) =—1 to a Volterra equation of the second kind. Also, derive 


the original differential equation with the initial conditions from the integral 
equation obtained in the previous part. 


Solution: The given differential equation with the initial conditions is 


y"(x) =x —e" -y(x) + sinx- y'(x) (i) 
with y(0) = 1, [ii(a)] 
y(0) =-1 [ii(b)] 
Integrating Eq. (i) with respect to x from 0 to x, we get 
2 . 
[Yo], = = - J, e* y(x)dx + J, sin x- y’(x) dx 


2 
, x 7 x - x i 
or y(x)+1= ae J, e* - (x) dx +[sinx- y(x)]5 — J, cosx - y(x)dx 


2 
oe y= = —1+sinx-y(x)- in (e* +cosx)- (x) dx (iii) 
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Integrating Eq. (iii) with respect to x from 0 to x, we get 


xX 


3 
bok = = = + # J, sint y(t)dt— iF (e! +cost)y(t) (dt)? 
0 


3 
or y(x) -1= 7a —x+ J, [sine ~(x—t)(e! +cost)}y(t)dt 


3 
or V(x) = [= ~x+ 1 Ey J, [sine ~(x—A)(e' + cost) |y(t) dt (iv) 


which is a Volterra integral equation of the second kind. 

Now, we differentiate Eq. (iv) with respect to x and obtain 
2 
x d 
(x) =—-1+— 
OS a 
For this, we apply Leibnitz’s rule of differentiation under the sign of 
integration Eq. (1.20), and get 


i {sint —(x —2)(e! + cost)y(t) dt 


2 
v= =14 er ~(x—A)(e! +cost)}y(t)]dt 
2 0 Ox 
+[sin x —(x —x)(e* + cosx)] (x) ee 
dx 


—[sin 0 —(x —0)(e° +.cos0)] y(0)-0) 


2 
Ge y'(x)= = ais le [e! + cost] y(t) dt + sin x - y(x) (v) 


Differentiating Eq. (v) with respect to x 


y"(x) =x +cosx-y(x)+sinx-y’(x)- man (e' +cost)y(t) dt 
Ks 


or y"(x) =x +cosx-(x)+sinx- y’(x)- if; = fe' + cost) y(t)} dt 


+(e" +cosx)-y(x): = —(e° +cos0)y(0)- al 
xX 


or y"(x) =x +cosx-y(x)+sinx-y'(x)-[0 +(e” +cosx)y(x)-1+0] 
or y"(x)-sinx-y’(x) +e" y(x) =x (vi) 


which is same as the given differential equation. To get the initial conditions, 
we put x = 0 in Eq. (iv) and (v), and obtain 


y(0) + 1 and y(0) = -1 (vii) 


Thus Eqs. (vi) and (vii) together provide the original initial value problem. 
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EXERCISE 2.2 


1. Convert the following initial value problems into integral equations. 
2 


(a) +nxy = g(x), (0) =1L,y'(0) =0 


b) —~+y=0, 0) =0,’(0) =0 
( qo (0) = 0, (0) 


2. Convert y"(x)-3y'(x)+2y(x)=4sinx with initial conditions 
y(0) =1, y'(0) =-2 into a Volterra integral equation. Also, find the 
original initial value problem from the obtained integral equation. 


3. Transform y” + xy =1, (0) =0, y(1)=1 into an integral equation. 


4. Transform the boundary value problem y” +y=x, (0)=0, y’(I) =0 to 
a Fredholm integral equation. 


Answers: 


L. (a) YO)=1+ [Og - ne vOlde 


(b) wx) =-f- (x-O (at 
2. ya) = 1-x-4 sinx + [" (3 - 2 -D}y(O dt 


P(l—-x),t<x 


1 1 
ee Re 


3 
x x 1 t,t<x 
4. W=—— Ft] KO. WOds K(x, 0 eS 


2.4 BOUNDARY VALUE PROBLEM AND ITS CONVERSION TO 
FREDHOLM INTEGRAL EQUATION 


When an ordinary differential equation is given with the conditions involving 
dependent variable and its derivatives at two different values of independent 
variables, the problem under consideration is said to be a boundary value 
problem. 

The method of conversion of a boundary value problem to a Fredholm 
integral equation can be made clear by the examples given hereunder. 


EXAMPLE 2.6: Reduce the following boundary value problem into an 
integral equation: 
2 
y+ du =0 with u(0) =0, u(/) =0 


x 


22 Integral Equations 


Solution: 
The given conditions are 
u(0) = 0 [i(a)] 
u(l) = 0 [i(b)] 
The given differential equation is 
u(x) = —Au(x) 


Integrating it with respect to x from 0 to x, we get 
J, u"(x)dx = -Ale u(x) dx 
or u’(x)—u’(0) = -Al" u(x) dx 
Let u(0O) =c_ so that u’(x)=c- Af u(x) dx. 
Again, on integration, we get 
Jw dx = er dx — af: u(x) (dx)? = cx — AJ” u(t) (dt)? 
or u(x)—u(0) = cx AJ (x2) -u(t) dt 


Now using Eq. [i(a)], 
u(x) = cx — ase (x —t)u(t)dt (ii) 


Now, to determine c, we use Eq. [i(b)] by taking x = 1, so that 
1 
u(l)=0=el— AJ (tute) dt 
Aol 
= c= JU Oude 


Now, Eq. (ii) can be expressed as 


u(x) = KU —t)u(t)dt- aye (x —A)u(t)dt 


u(x) = ; AD (a = ii A(x —t)u(t) dt 


or u(x) = i a MS) yap fe, (dt — [Ae —1yu(a) at 


xU-) 


or u(x) = wot (= ofunar+af 6 u(t) dt 


Gi ree pe La Ore +f =_ wnat 
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1 see 

or u(x)= AJ. K(x, t)-u(t)dt (iii) 
A eer ex 

or where, K(x, t)= (iv) 
MD) Pp epel 


Equation (iii) is the required integral equation, whose kernel K(x, f) is defined 
by Eq. (iv). 


EXAMPLE 2.7: Transform the boundary value problem 

d°y 

— ty =x, (0) =0, yd) =0 

dx 

to a Fredholm integral equation. Also, recover the boundary value problem 
from the integral equation. 


Solution: 

The given conditions are 
yO e0 [i(a)] 
y() =0 [i(b)] 


Integrating the given differential equation with respect to x, we have 


c y"'(x) dx + 1h y(x) dx = i x dx 


2 
or y@)-¥N=>— J) verax 
Let y(0) = c, so that 
2 
y(x)= [- + =] - J, y(x) dx (ii) 


Integrating both sides with respect to x 
3 
va) WO) ser += = fp vax? (ii) 
Using Eq. [i(a)] we express Eq. (iii) as 


3 x 
yea) sex+-—— [) wocaty 


3 
= yx) = ex + 2 J, (x —1)y(t)dt [iv(a)] 


Now, to determine c, we differentiate [iv(a)] and use Eq. [i(b)]. 
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1 1 
0 =c+>— J, ode 
[Here, we apply Eq. (1.20)] 
1 1 
- c=—5t],oae 


and then, Eq. [iv(a)] is 


3 
W(x) =x -+ cs ii y(t) a] + = - J, (x —1)y(t)dt [iv(b)] 


3 
y(x) = = - = z {f= dt+ fix v(t} = ie (x — 1) y(t) dt 


=3 x 1 
wx) == ; <4 [ot vOdt+ J x-y(oae 
iit. 
or yx) = (x? -3x) + [ K(x, Dvat (v) 
6 0 
where, K(x, t) = e — (vi) 
t, x>t 


Converse: We take the integral equation, i.e., Eq. [iv(b)]. 


3 
yx) = i [x noat—J"(@-dyode (vii) 


Differentiating both sides with respect to x, we have 


e 22 dio > dx 10 


2 1 x na 
f SS _ Vi 
Y@O=-F45 +] x@at—J > yoae (viii) 
Again, differentiating with respect to x, we get 


d 


” =x $= 
W(X) =x a 


1 d px 
J, roan -—], vod) 


ya) =x+0- J 2 postr) 


y"(x) = x-0-y(x) 
or y(a)+y=x (ix) 
Also from Eqs. (vii) and (viii) 
y(0) = 0 and y(1) = 0 


So, Eq. (ix) is the original differential equation with the boundary conditions. 
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EXAMPLE 2.8: Transform y” + xy = 1, y(O) = 0, y(1) = | into an integral 


equaton. 


Solution: The given differential equation is 


=" = 1 — xy 
with the boundary conditions 
y(0) = 0 
wet 


Integrating Eq. (i) with respect to x (x varying from 0 to x), 
lh y"(x)dx = le dx =|. x+y(x)dx 
= yx) y'O)=x-J x vada 
Let y(0) = c, so that 
y (x)-c=x-], x- y(x) dx 
Integrating once more with respect to x from 0 to x, 


J, y'(x)dx = (a (c+x)dx- Jox -y(x) (dx)? 


2 |x 
or y(x) — y(0) = c + al = if t- y(t)dt)’ 
or v(x) =0=52ex +27) = [r= Deyode 


Now, to determine c, we use Eq. [ii(b)], which is y(1) = 1. 


1 
l= 


=5Qe+1)- [0-9 -1-yQat 


c=5 4 fd 0-0 roar 


Putting the value of c in Eq. (iii), we get 


1 . x 
V(X) = x3 + i) (l1—-2)t oat | + = - I, t(x—t)- y(t) dt 


(i) 


[ii(a)] 
[ii(b)] 


(ili) 


(iv) 


y(x) = sf +x)+ lie xt(l—t)-y(t)dt+ [ xt(1—1)-y(t)dt — in t(x —t)-y(t)dt 


s0= >t +x)+ [PU -x)-wode + J 21 OT 
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or V(x) = ell +x)+ J, Ke t)- y(t) dt (v) 


2 
t°(1—x), when t < ; 
where, K(x, t) -| ( x) when x (vi) 


xt(1—t), when t>x 
Equation (v) is the required integral equation, whose kernel K(x, ft) is defined 
by Eq. (vi). 
EXAMPLE 2.9: If u(x) is continuous and satisfies 


(1-&)x,0<x<& 
(l—x)é,E<x<1° 
then prove that u(x) is also a solution of the boundary value problem 


nk 


u(x) = [aK &)u(E)d&, where K(x, &) -| 


<* + Au =0,u(0) = 0, u(1) = 0 
dx 
Solution: Here, from the integral equation, 
u(x) =A K(x, 8) u(G) dé (i 
_|a=o)%, 0sa<¢ . 
where, KGa i ME Fenel (ii) 


We have to find the differential equation satisfying u(x) with the corresponding 
boundary conditions. The kernel may be followed by Figure. 2.1 given below: 


(1—¢)x (=x) § 
0) x x 1 
g i! 
d=xé (1—€)x 
e © o © e 
0 é x & 1 


Figure 2.1 Example 2.9. 


Equation (i) is now expressed as 


u(x) = al f: K(x, 8) dé + f'K(x, 6) ul) aé | 


u(x) = a] fa - x)-u(E)dé +f ~ 8)x-u) a6 | (iii) 
Let x = 0, 1. We find u(O) = 0 [iv(a)] 
and u(1) = 0 [iv(b)] 


Now, differentiating Eq. (iii) with respect to x, we get [using Leibnitz’s 
tule Eq. (1.20)] 
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du d px df} 
a = oa AL—x)E-u(E)dE al Ax(1 -&)-u(E)dé 


du _ (x9 dx_. d 
as » pg VL 298 -u(S) js + ACL — x) -x-u(x)-F-— 0- (0) 
+f {ax -8)-ub)}dé+0-L 0) - ax -9-uay-S 


du _ 


or F=f} MD-E-uE)ds + J A -E)-wlS) dé () 


Differentiating Eq. (v) with respect to x using Leibnitz’s rule, we get 


du x rs) dx 
a lf, 5, AS wag + Ax ux) 0 
+f 2 aq -Queyaé+0-A20 -2) ey 
ae u(x) — ACL = x) u(x) FH hy =0 (vi) 
dx? dx2 


which is the required equation with boundary conditions given by Eq. [iv(a)] 
and [iv(b)]. 


EXERCISE 2.3 


1. (a) If yx) + Ay@) = 0, and y satisfies the end conditions y(0) = 0, 
Ax f! x 
y(l) = 0, show that y(x) = Fe J i Oot) dt - al, (x —A)y(0) dt. 
(b) Show that the result of part (a) may be expressed as 
! 
p(x) = Af K(x, OO dt 


“(1 — x) 


, when t </ 
where, K(x, t) = 
x(/-t) 
l 


(c) Verify directly that the expression obtained in part (b) satisfies the 
prescribed differential equations and end conditions. 


2. Convert the problem y” + Ay =0; (0) =y’0), v(77) = y’(z) to an integral 
equation. 


, when t > x 
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Answer: 
y(x) = Af" K(x,0)- Ode 
ie O<t<x 
where, K(x, t= if is ely 
GES) gerey 
1 


O. 9% 6% 
“ ~ “ 


q CHAPTER 3 


Solution of Homogeneous 
Fredholm Integral 
Equations of the Second Kind 


3.1 INTRODUCTION 


In the previous chapters, we have learnt the basic terminology and suitability 
of integral equations over differential equations, and then, the classification 
of the integral equations. Although, there have been many developments in 
the theory, the basic division as initial value problems into volterra integral 
equations and boundary value problems into Fredholm integral equations is 
a must to follow. As we approach to simplify these equations, it is found 
convenient to focus the kernel, kind and the homogeneous nature of these 
equations. In this chapter, we shall restrain ourselves only for the homogeneous 
Fredholm integral equations of the second kind. The chapter begins with the 
discussion of an essential part called eigenvalue, eigenfunction, and then 
related theorems are explained. 


3.2 CHARACTERISTIC VALUE’ (OR EIGENVALUE) AND 
CHARACTERISTIC FUNCTION (OR EIGENFUNCTION) 


We consider the following homogeneous Fredholm integral equation of the 
second kind: 


i= Af K(x, u(t) dt 3.1) 


It is clear that u(x) = 0 will always satisfy Eq. (3.1), and we call such 
u(x) = O as the trivial solution of Eq. (3.1). The values of parameter A for 
which the integral equation [Eq. (3.1)] has non-trivial (non-zero) solutions 
[u(x) # O] are known as eigenvalues of Eq. (3.1) or characteristic values of 
kernel K(x, t). If for u@v) ¥ 0, there exists a continuous function (x) in the 
interval [a, b] such that 


W(x) = Ag [’ K(x, Do(nat (3.2) 


“It is also called characteristic number. 
29 
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then (x) is known as eigenfunction’ of Eq. (3.1) corresponding to eigenvalue 


Note: 


1. If kernel K(x, f) is continuous for a <x < b, a <t< b, for the finite 


values of a and b, then corresponding to every eigenvalue of A there 
exists a finite number of linearly independent eigenfunctions; the number 
of such functions is called index of the eigenvalue. Different eigenvalues 


have different indices. 


2. As seen above, along with (x), c@(x) is also an eigenfunction for Apo, 


where c is an arbitrary constant (though not L.I.). 


3. The number A = 0 is not taken as eigenvalue, since it provides trivial 


solution. 


4. A homogeneous Fredholm integral equation may not have eigenvalues 


and eigenfunctions if the kernel is not symmetric. 


EXAMPLE 3.1: Find the eigenvalue and eigenfunction of the homogeneous 


1 
integral equation 8(*) = Al, e* g(t) dt | 
Solution: The given integral equation is 
x ! t 
(x) = Ae’ J, e' g(t) dt 

fat 
Let ec J, e g(t)dt 
so that Eq. (i) provides g(x) = Ace* or g(t) = Ace’ 


1 
Then, Eq. (ii) provides c =|, e' -Ace'dt 


eT 2 
A 
which is c i “se - 0} =0 
Now, for non-trivial solutions, 
A 2 
1-—(e* -l)=0 
5 ( ) 
2 
> A= 
et 


*It is obvious that an eigenfunction will satisfy the integral equation. 


(i) 


(ii) 
(iii) 


(iv) 
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This is the eigenvalue of Eq. (i), and using Eq. (iii), the corresponding 
eigenfunction is 


by taking the constant as unity. 


@ =1 


EXAMPLE 3.2: Show that the homogeneous integral equation 
1 
o(x) =A) (Bx -2) Wat 
has no characteristic number and no eigenfunction. 


Solution: The given integral equation is 


Wx) =ABx-2)f. to(Odt (i 
Let c= I, to(t)dt (ii) 
so that §G)=AGE—De Git) 
or @(t) = Ac(3t — 2) 
Then, ce foe - Ac(3t —2)dt 
> e=de[P-? | >e=0 


Thus, ¢(x) = 0 is the solution of Eq. (i) and we do not get any characteristic 
number or eigenfunction. 

We also see that kernel K(x, t) = (3x — 2)t is not symmetric, and in this 
case, the kernel does not possess any characteristic number necessarily. 


3.3 SOLUTION OF HOMOGENEOUS FREDHOLM INTEGRAL 
EQUATION OF THE SECOND KIND WITH SEPARABLE (OR 
DEGENERATE) KERNEL 


Let the homogeneous Fredholm integral equation of the second kind be 
b 
u(x) = Al. K(x,0u(t)dt (3.3) 


where kernel K(x, f) is separable, which means it can be expressed as the 
sum of the product of terms, each having functions of x and f separately. Let 


K(x, => FOO (3.4) 
Then, Eq. (3.3) is a 


u(x) = af} fete Mo (3.5) 
i=l 
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ree py fof e,(t)u(t)dt (3.6) 
[By interchanging the order of a es and summation] 
Let C = J gi(u(tt, ee (3.7) 
so that Eq. (3.6) reduces to 
u(x) = ay, C; f;(x) (3.8) 
We first find C; as below: " 


Multiplying Eq. (3.8) by gx), (i = 1, 2, ..., 2) successively and integrating 
over the interval [a, b], we obtain 


b w b 
J gi@oula)dx =AY CJ go faa [3.9(a)] 
i=l 
b Z b 
J go(ulx)dx =23C,J wo ficorae [3.9(b)] 
i=] 
P? gudu(x)de = ADC, J" go fiear (3.9(n)] 
i=l 
We define a; = J g(x) ladder G7 =),.2, 4 1) (3.10) 
Now using Eqs. (3.7) and (3.10), Eq. [3.9(a)] becomes 
C, = ay C,0,; 
i=l 
or Cy = Al Cinq, + Cymy +--+ C,%, | 
or (1-Aa,,)C, —Aam,C, --+-- Aay,C, =0 


Similarly, we derive other equations from Eq. (3.9), and finally, obtain 
following simultaneous linear equations to establish C;, which are 


(1— Aa, )C, — Aam,C, ----— Aay,,C, =0 
—AGy,C, + (1— Ady )C, — +++ - Aor, C,, = 0 
(3.11) 


NOt jC) — AO Cy — ++ (L- AG py )C,, = 0 


nn 


For this system of equations, let the determinant D(A) be 
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1-Aoq, Ady A, 

=" faa wh te | 
Daya (12) 

—AO,) AO oe ot (l ~ NO nn) 


The eigenvalues of Eq. (3.3) are obtained by D(A) = 0, and we get the 
maximum 7 eigenvalues. 


3.4 ORTHOGONALITY OF TWO FUNCTIONS 


Two functions f(x) and g(x) continuous for a < x < b, are said to be orthogonal if 


[ f(xog(x)de =0 (3.13) 


3.5 ORTHOGONALITY OF EIGENFUNCTIONS 


Theorem: The eigenfunctions of a symmetric kernel corresponding to two 
different eigenvalues are orthogonal. 


Proof and explanation: Let the homogeneous Fredholm integral equation 
of the second kind be 


b 
u(x) =A] K(x, 0) ude (3.14) 
Here, kernal K(x, ft) is symmetric and let g(x) and ¢,(x) be eigenfunctions of 


K(x, t) corresponding to eigenvalues Ay and A\(Ap # A,). Then, we are required 
to prove that @o(x) and @,(x) are orthogonal functions on the interval [a, b], i.e., 


[0 6, (x)dx = 0 (3.15) 


Since @o(x) and (x) are eigenfunctions, by definition, these will satisfy 
Eq. (3.14). Thus, 


Py (x) = Ag [7K t)by (t) dt (3.16) 


and 
b 
(x) =A,J K(x, dt (3.17) 
Since kernel K(x, t) is a symmetric function, therefore 
K(x,t) = K(t,x) (3.18) 


Now, multiplying both sides of Eq. (3.16) by @,(x) and integrating with respect 
to x over the interval [a, b], we get 


J) eae = Ao f60){f? Ken 94 (oar de 


= fof? do 04 J? Kt) d(x 
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(By changing the order of integration and now by Eq. (3.18) 


= dof bo (4? Ke.) 6, («yd at (3.19) 


Now, interchanging the variables (t — x) in Eq. (3.17), we get 


b 
O() =A] KUx)b(x)dx 
Using this value of ,() in Eq. (3.19), we express 


[aconcoae=aefieo[ ela 
1 


or 
b b 
Ay J 69(2)6, (2) de = Ay J G(x) 4, (x) dx 
By the property of definite integrals, 


b 
= (Ay — Ag) J Go(x)4,(x) dx = 0 
Now, since A, # Ap, (Ay — Ap) # O, and hence, 


[eo e)ax =0 


This proves the proposition. 


3.6 REAL EIGENVALUES 
Theorem: The eigenvalues of a symmetric kernel are real. 


Proof: We take the homogeneous Fredholm integral equation of the second 
kind. 
b 
u(x) =A] K(x,t)u(tde (3.20) 


Let Ay = & + iB be one eigenvalue and @9(x) = u + iv be the corresponding 
eigenfunction. Then, 


Ao = a - iB, Ag — Ao = 2iB, 
and - oe we ead (3.21) 
Oy(x) =u-iv Qo (xX) Oy (xX) =u +V 
where, a bar denotes the complex conjugate. By the definition of eigenfunction, 

@o(x) and (x) will satisfy Eq. (3.20), and we get 


Gy (x) =A J’ K(x. to (Odt [3.22(a)] 


and 
G(x) = Ao J K(x.) bo (dt [3.22(b)] 


Now, multiplying both sides of Eq. [3.22(a)] by @ (x) and integrating with 
respect to x over the interval [a, b], we find 
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J260(2) 89 (ade = Ao f°6,C0){[’ Keegy (oarh de 


J? (28 (x)de = Ao fy OYJ Ko.0% («yd 
By changing the order of integration, and now since K(x, t) = K(t, x), we have 
J? (2) 8 (a)de = Ao fg Off? (4.294 (xa at (3.23) 
Now, interchanging the variables (x <2 1), Eq. [3.22(b)] takes the shape as 
Go(t)= Ao] K(t.x)G9(x)dx 
and then, Bq. (3.23) is 
[60(2)49(x)de = Ao J (0 ea o| dt 


or Ao 69x) 8p (x)dx = Ap [69 (x) 49 x) ax 
(Using the property of definite integrals) 
or (4, - Ao) J 65(x)Go(x)dr = 0 (3.24) 
Using Eq. (3.21), we get 
2ipf (Ww + v? \dx =0 
Since @o(x) is an eigenfunction which is not zero, we infer 
[ve + v? \dx #0 
and thus, we conclude f = 0, which proves the proposition. 
EXAMPLE 3.3: Show that the homogeneous integral equation 
6(x) = af. (x —xvt) (eat 
has no real eigenvalue and no eigenfunction. 


Solution: The given equation is 

6(x) = af. (Wx — xvi) ocd 
or (x) = AV x I, to(t)dt — ax| vi o(t)dt (i) 
Let ae if 1o(t)dt Gi) 


and c= I, Vt o(t)dt (iii) 
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so that Eq. (i) is (x) = Ac, Vx — Ae yx 
Thus, O(t) = Ac, Vt — Acot (iv) 


1 
and then, by Eq. (ii), cy = J t(Acivi — Aege) ade 


2A\ A 
> Cy [1-2 )420, = (v) 
Similarly, by Eq. (iv) and (iii) 


C, = [vi (aes - Acyt) dt 


: : (52 ‘ 
Cc, = Ac, a —Ac, aE 
0 5/2], 


2 
=> ~Fe (i +h )a, =0 (vi) 
The system of Eqs. (v) and (vi) will have a non-zero solution if 
j-24 4 
pays) = 2 126 
a 22 
a= ]+— 
2 5} 
Ae. 7? 2 
=> 1—-—— + — =0514+——~=0>/=+4iV150 
25 6 150 


which means that the given integral equation does not possess any real 
eigenvalue. 


EXAMPLE 3.4: Solve the following homogeneous Fredholm integral 
equation of the second kind: 


ae Af.” sin(s + t)g(t)dt 


2 
Solution: g(s)= Al. "(sins cost + coss sint) g(t)dt 


20 20 
g(s) = Asins |. cost g(ddt + Acoss |. sin t g(t)dt (i) 
20 
Let C= i cost g(t)dt (ii) 


2m 
and Cy = J, sint g(t)dt (iii) 
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so that Eq. (i) reduces to 


oe g(s) =Asins-c, +Acoss:-c, (iv) 
g(t) = Ac, sint + Ac, cost 
Now, by Eq. (ii), 
2 
cq = J; "cost: {Ac, sint + Ac, cost} dt 
Ac,| cos2t - Ac, sin 2¢]* 
or C= _ + t+ 
2 a)” o 2. 4, 
Ac, 
or c, =0 te eel = ¢, —Anc, =0 (v) 
Similarly, by Eqs. (iv) and (iii), 
20, , 
C= J; sint{Ac, sint + Ac, cost} dt 
Ac, sin 2t if Ac, cos 2t | 
6, =—|t- +—4| — 
2 ai. So ah 
or C, = Act => Ac,n—c, =0 (vi) 


For non-zero solution of this system of linear equations, 


i) =% 
D(a) =0| "|-0-9-143 29 
Ax -l 


or Az=t+ 


1 1 
Hence, the eigenvalues are given by 2, =— and A, =-—. 
1 1 


Now, determining eigenfunction, 
1 
(a) For A=—, Egs. (v) and (vi) are c, — cy = 0; hence, from Eq. (iv), 
1 


1, 1 
g(s) =—c, sins +—coss-¢, 
1 1 


2(s)= 4 (sins +coss) 
1 
or g(s) =(sins +coss), taking PLe4 
1 
(b) For A a, Eqs. (v) and (vi) are cy + cp = 0, 
T 
Hence, from Eq. (iv) 


-1_, -1 
g(s) =—c, sins + —(—c, )coss 
T T 
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2g(s)= —\(sins —coss) 
or g(s) = (sins —coss), taking = =1 
Finally, for the eigenvalue A =<, the eigenfunction is g(s) = sins + coss 
and for eigenvalue A= -<. the eigenfunction is g(s) = sins — coss. 


EXAMPLE 3.5: Find the eigenvalues and eigenfunctions of the following 
homogeneous integral equation: 


@(x) = aj” (cos” x - cos 2t + cos3x- cos* t) (t) dt 


Solution: The given integral equation can be expressed as 


(x) = Acos” xf cos 2t- P(t)dt + Acos 3xf" cos’ t+ O(t) dt (i) 
Let c= J, cos 2t b(t)dt (ii) 
and C= if. cos? ¢ f(t) dt (iii) 


so that Eq. (i) is 
(x) = Ac, cos’ x + Ac, cos3x 
or o(t) = Ac, cos’ t + Ac, cos3¢ (iv) 
Then, by Eq. (ii), 
c= i cos 2t (Ac, cos” t + Ac, cos3t) dt 


or C ( = AJ cos 21 “cos” rat | = Ae, | cos2t -cos3tdt =0 
0 0 
1 2 1 
or Cy [ - al” cos2t- (P24) a —Ac, Jp (os 5t+cost)dt =0 
2 1 . . T 
ore 1-4 14 cosany bar |— Ae, SE 
of 2 4 ig |, 
. . aT 
or qjl-a 2 —Ac, -0=0 
4 4° 16 Jy 
or a [1-42 |-o-0 = (v) 


Similarly, by Eqs. (iii) and (iv), 
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1 
C= J, cos’ t-(Ac, cos” t + Ac, cos3t)dt 


| 
We find that J, cos t=0 


1 
and [ cos’ t-cos3tdt = J°—(os3r +3cost)-cos3tdt 
0 04 
= a Neem dt + a [cost cos3rdt 
4-0 2 4-0 
é T 
= ‘oo +3] fF cosar + 00820) [a 
8 6 |, 8Lro 
nm 3[sin4t sin2¢]" a 
=—+— + =— 
8 8| 4 2) 8 
1 AN ; 
Cy =0-¢ Th or Oc, +Cy (1-4 }-0 (vi) 
For non-zero solution of system of Eqs. (v) and (vi), D(A) = 0. 
\-2 0 
an|° 
. 1 
8 
or _,{; 27 \[,_ 4%) =o 
4 8 
4 
ay eee 
nn 


which are the eigenvalues. 
Now, determining eigenfunctions, 


(a) For A=4/m; by Eq. (v), c, =0+c,-0=0 
= c, =0, c, is arbitrary 


and by Eq. (vi), c, (1-4.2 = 
mT 8 


Hence, by Eq. (iv), 
P(x) = Ac, cos’ x + 0 


4 
or Q(x) =—cy cos” x 
1 


or Q(x) = cos” x taking an = 7 
1 
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(b) For A=8/z; by Eq. (v), a1- mn =. 8) 40-4 = 
. = c, =0 and c, is arbitrary 

ee 

8 


and by Eq. (vi), 0c, +a ee ) 
1 
Then [by Eq. (iv)] the corresponding eigenfunction is 
@(x) =F 0-cos” rey Cy COS3X 
1 1 


(x) = cos 3x taking a = ) 
1 


EXERCISE 3.1 


Find the eigenvalues and the corresponding eigenfunctions of the following 
integral equations: 


1, «(x)= al. sin zx -cosmt-u(t)dt 
1 
2. o(x)= al, (2xt — 4x) O(t) dt 
3. g)=Al [oes eto 
4. o(x)= a’, (5x0 +. 4x71 +3xt) o(t) dt 


5. g(x)= AJ" [eos” x cos 2t + cos3xcos° t) g(t) dt 


Answers: 


1. No eigenvalue 


2s a8 97) 


3. £7 + 265), oa: 2132( 2), s+ 04399{ 4) 
2 S S 


1 2 3x 

4. -, = x7 +— 
A P(x) =x 5 

5. = is g(x) = cos” x, 8 (x) =cos3x 
na 0 


C CHAPTER 4 


Fredholm Integral Equations 
with Separable Kernels 


4.1 INTRODUCTION 


Like the previous chapter, this chapter is also devoted to Fredholm integral 
equations of the second kind. But, now the equation is not homogeneous, 
ie., F(x) # O in general. Furthermore, the nature of kernel is separable. This 
chapter shows that the role of characteristic function with determinant D(A) is 
of vital importance. All interrelated possible cases are included with suitable 
examples. 


4.2 SOLUTION OF FREDHOLM INTEGRAL EQUATION OF 
THE SECOND KIND WITH SEPARABLE (OR DEGENERATE) 
KERNEL 


We consider the following integral equation: 
re = F(x) + Af.’ K(x,)u(dat (4.1) 
where, kernel K(x, 7) is separable, and therefore, we express 
K(x,t) => F(0).g,(0 (4.2) 
i=l 


which on substituting in Eq. (4.1) provides 


u(x) = F(x) + af} f0)-g; 0 u(t)dt 
i=] 


é Wx) = FG) + ay. Ff g,(t)u(t)dt (4.3) 
i=l 


(upon interchanging the order of integration and summation) 


41 
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b 
We prescribe J g(Qudt=c, (=1,2,...,n) (4.4) 


which shapes Eq. (4.3) as below: 
u(x) = F(x) +A) co f(x) (4.5) 
i=l 


Now, for determining c;’s, we multiply Eq. (4.5) by g)(x), go), ..., Bn) 
successively and integrate over the interval [a, b], and frame 


i’ g,(x)u(x)dx = i F(x)g,(x)dx+ ry & (e g(x): f(x)dx [4.6(a)] 
b b b 
J goeuaddx = J Fg (ade + AL GJ a(x) fda [4.6(b)] 
Sane saan aR: uae 
J g, (x)u(x)dx = l; F(x)g,(x)dx + AY, J g(x) f(xdx [4.6(n)] 
We now define 
b 
Oi =|, gi oflade, (f= 1,2,..,n) (4.7) 
and B=[ gj @Fade.  G=12 00) (4.8) 


Now, using Eqs. (4.4), (4.7), (4.8) for [4.6(a)], we obtain 


n 
c, = B, + Ay. C,0); 
i=l 


or C, = B, + Alea, +e +---+¢,01,] 

A similar simplification for Eqs. [4.6(b), ..., 4.6(7) will provide 
-NG\¢, + (1— Adty Jey — +++ - AG, C, = By [4.9(b)] 
201 = 2064705 —-+(I = AGL in) Cy = B, [4.9(n)] 


The determinant D(A) of this system of linear equations, i.e., from 
Eq. [4.9(a)] to [4.9()] gives 


(1-Aa,,) —hdu,, Bab. wad -hOa,, 
D(A) = AOy, (I-A) AO, 
—hO,1 —hO,, ie elec (1 = RO, ) 


D(A) = 0 is a polynomial of utmost degree n in A. D(A) does not vanish 
identically, since D(O) = 1. We consider the following three cases: 
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Case 1: When F(x) = 0, then by Eq. (4.8), B; = 0, which makes the system 
[Eq. (4.9)] a homogeneous linear equation. We consider the following two 
situations: 


(a) If D(A) # 0, then we get a unique zero solution, ie., cy = co =~ 
=c, = 0 for Eq. (4.9). So Eq. (4.1) has the solution u(x) = 0. 

(b) If D(A) = 0, those values of A for which D(A) = 0 are the eigen values 
and any non-zero solution of homogeneous [-. F(x) = 0] Fredholm 
integral equation is known as eigenfunction of the integral equation. 


Case 2: When F(x) + 0, but 
b 
[?g)COFO)=0, 7 = 1 2m 


i.e., F(x) is orthogonal [see Eq. (3.3)] to all functions g,(x), then by Eq. (4.8), 
B = 0. G = 1, 2, ..., 1), and hence, the system [Eq. (4.9)] reduces to 
homogoneous linear equations. We find the following two situations: 


(a) If D(A) # 0, then the unique zero solution is c; = 0 for Eq. (4.9), 
which provides the solution of Eq. (4.1) as u(x) = F(x), [here, we 
use Eq. (4.5)). 

(b) If D(A) = 0, then the system [Eq. (4.9)] provides infinite non-zero 
solutions, and thus Eq. (4.1) has infinite non-zero solutions. The 
resulting solution is the sum of F(x) together with the arbitrary 
multiples of eigenfunctions. 


Case 3: When at least one of f; is not zero, we have the following two 
situations: 


(a) If D(A) # 0, we get a unique non-zero solution of Eq, (4.9), and 
hence, a unique non-zero solution of Eq. (4.1) is obtained by Eq. (4.5). 

(b) If D(A) = 0, we get either no solution or infinite solutions, and thus, 
Eq. (4.1) has no solution or infinite solutions. 


EXAMPLE 4.1: Solve 2(s)= f(s) +A st a(t)dt. 


Solution: The given integral equation is 


als) = f(s) +Asl reat (i) 
Let ee i to(t)dt tii) 
so that g(s) = f(s)+Asc (iii) 
or g(t) = f(t) + Ate (iv) 


l 
by which Eq. (ii) provides c= J, tL f(t) + Atc]dt 


44 Integral Equations 


1 a 
or oe Jie f(t)dt+ ad 
1 Ac 
or c= Jit float 
a 1 3 fl 
or (1-2 )= Jr fod emf f(i)dt,A #3 
Then, by Eq. (iti), the solution Eq. (i) is 
(3) = f(s) + 2 fe pode 
. 3A v0 


EXAMPLE 4.2: Solve @(x)=cosx + AJ" sin xoode. 


Solution: The given integral equation is 


(x) =cosx+A sinx]” @(t)dt 


Let =f" o@at 
c=}, ty) 

so that $(x) =cosx + Asin x.c 

Hence, @(t) = cost + Asint.c 


c= i (cost + Acsinf)dt 


or c= [sine] + Ac[-cosr]’ 
=0+Ac[-(-1) +1] 
>c=2dc 
c(l-2A)=0 
or >c=0 if hes 


By Eq. (iii), the solution is @(x) = cos x, provided A #5. 
1 
EXAMPLE 4.3: Solve y(x)=1+ | (1+e™).y(0)de 


Solution: The given integral equation is 


1 1 t 
yx) =1+ J, y(t)dt + e* iP e! y(t)dt 


1 
Let cq = [ y(t)dt 

1 
and C= i e' y(t)dt 
so that Eq. (i) is Vx)=1lt+e, +e%c, 


Then, y(t) =1+¢, + ec, 
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1 
Therefore, Cc, = jiu +c, +c,e' ]dt 
1 
or C= E +c +oe i 
or c, =l+e¢,+e¢,(e-1) 
1 
or Cy = (vi) 
Now, using Eq. (v), Ie 
1 
C= Jeu +c, +c,e' ]dt 
C 1 
C2 = le +ce +e] 
2 0 
2 =(e-DU +e) +3 -1) 
Putting for co, 
1 (e? -1) 
1- =(e-1)(1+ 
(LY ; (e-1)(1+¢) 
2 
or c= a (vii) 
2(e-1) 


Putting c, and cy is Eq. (iv), we get the required solution. 


EXAMPLE 4.4: Show that the integral equation 


a(s) = f(s) + a sin(s +1): g(d)dt 
I %9 


possesses no solution for f(s) = s, but it possesses infinitely many solutions 
when f(s) = 1. 


Solution: The given integral equation is 


EOETOn = [-" ins cost Leowssndewnd 


1 2 2 
Gr as) = f(s) +—sins- | “cost g()dt +" f “sine (nat (i) 
Xu 0 a -0 
2 us 
Let = i "cost g(t)dt (ii) 
2 as 
and =f, * sin t- g(t)dt (iii) 


so that Eq. (i) reduces as 


sins coss 
g(s) = f(s)+c Sapna 


(iv) 


T 
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As per the given value of f(s), we take the following two cases: 
Case 1: When f(s) = s, so that 


oe c 
g(s)=s+—sins +—coss (v) 
T t 


Cha € 
Hence, g(t) =t+—+sint +—cost (vi) 
1 1 


which provides by Eq. (ii) 


20 Cy. Cc 
a=] (cost)| ¢+—sint + cost |dt 
0 1 1 


20 Cy 2a, Co 20 2 
or Ci =| tcost d+] sintcost dt+— | cos’ t dt 
0 0 mT %0 


_ le ple, c, if 1 >= oy {_ sin2e [7 
c, = [tsin¢], -| sint dt+—+.—| -—cos2t| +—+| t+ 
0 m2, 2 20 2 | 


or Cy =0-[-cos/].” +0452 [20 +0] 


or C1, — C= 0 (vii) 


Similarly, by Eqs. (iii) and (iv), 


sf hl ty eh a al 
C=], sine: a ce t 


2 2 2 
or es =f *esins d+ JQ —cos2t)de += J, sin20 dt 


PE C\ sin2t |” Cy} cos2t a 
Cy = [-« cost], - J (—cost)dt + t- + - 
0 20 2 | 2% 


or ¢, =~2a+[sinef.” + 5, [2a +0]+0 (viii) 
T 


or Cy —C) = 20 


Looking at Eqs. (vii) and (viii), we find that this system is inconsistent, 
and hence, possesses no solution. 


Case 2: When f(s) = 1, then by Eqs. (v) and (vi), 
2(s)=1+ 4 sins + coss (ix) 
1 1 


Cy Cc 
Hence, g(t)=1+—sint +— cost (x) 
1 1 
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Then by Eq. (ii), ¢ = |" cos. 14+ sine + cost dt (xi) 
en by Eq. (ii), = ; - ; xi 
which provides c; = Co. 
Again, by Eqs. (iii) and (x) , 
2 
C5 =| “sin + sins Boose Ja (xii) 
0 1 1 
which provides c; = co. 
Thus, Eqs. (xi) and (xii) provide c; = cy = Co (arbitrary constant), and 
hence, by Eq. (ix), we have 
g(s)=1+ © (sins +coss) 
1 
or g(s) =1+c(sins + coss) 


It is the required solution. Clearly, c can have arbitrary value; hence, in case 
when f(s) = 1, we find infinitely many solutions to Eq. (i). 


EXAMPLE 4.5: Solve the integral equation 


@(x) - al” (x cost +f? sinx + cosx sins) o()d¢ =x 


Solution: The given integral equation is 


O(x)=x+ Axf" cost -@(t)dt +A sinx]” Po(odt ay | cosx |" (sint)-@()at 


Let cq = ie o(t)- cost dt (ii) 
=f" oO-Padt (iii) 
-1 
T : : 
Cz = J g(t): sint dt (iv) 
—t 
so that Eq. (i) can be expressed as 
(x) =x+Ac,x + Ac, sinx + Ac; cosx (v) 
Q(t) =t+ Act + Ac, sint + Ac; cost (vi) 
Thus c= fc (t+ Act + Ac, sint + Ac, cost) cost dt 
—-t 
or c, =(1+Ae, yf" tcostdt + Ac, i” sint cost dt + Ac; J" cos’ tdt 
1 1 1 


Cc, =0+0+2Ae, ("11 +c0s22)dt 
3) 5 
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[f" f(x)dx =0 if f(x) is an odd function] 
sin 1) 


0 


or c, =Ac, [ + = c, —Anc, =0 (vii) 


By Eqs. (iii) and (vi), 


c= i” [t+ Act + Ac, sint + Ac, cost]t*dt 
1 
or c =f" (+ Ac) )Pdt+ Ac, |" # sintdt +ac,[" 1° costdt 
a Nt a 
Co =0+0+2Ac, iG sins} - foe sintdt| 
1 1 
Cy =—4Ac; {t (—cost)} = (—cost)dt 
c2=—4Ac,[17 +0] => c, +47Ac, = 0 (viii) 
Similarly, by Eqs. (iv) and (vi), 


T 
es [ee + Ac, t+ Ac, sint + Ac, cost]-sint dt 


cs =2(1+Ac, J esin dt + 2Ac, is sin? tdt +0 


& =e Ae;)| {a= cost)}” — ie @ costa | - - Joa —cos 2a 


T 
c3 =2(1+Ac,)[7 +0]+ Ac, i: = isin 
0 


or c, =2n(1+Ac,)+ Aca 
or 2HAc, + Ac,t —c, =-20 (ix) 
Solving Eqs. (vii), (viii) and (ix), we get 
2n°A -81°A _ on 
~ ai as ee 2 
14+2A7x? 1+2A°n 1+2A°n 


Cc; 


Putting these values of c), cy and c3 in Eq. (v), we get the required solution as 
2nd 


oe —4Ansinx + cos x) 


P(x) Hx+ 


EXAMPLE 4.6: Solve the integral equation 


etx) = f(x) + AP" sin(x + Ng dt 


and discuss all possible cases. 
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Solution: The given integral equation is 
2 
g(x) = fy + Af sine +2)g( dt (i) 
2 
g(x) = f(x) + Al. "Tsin x cost + cosx- sinf] 9(t) dt 


20 20 
e(x) = f(x) + Asin x: |" cost: g(t)dt + Acosx-f sint- g(t) dt 


or g(x) = f(x) +(Asinx)c, +(Acosx)c, (ii) 

where, cy = [" cost g(t) dt (iii) 
20 

aad C= If sint- g(t) dt (iv) 


Now, from Eq. (ii), 
g(t) = f() + (Asint)c, + (Acost)c, (v) 
Putting Eq. (v) in Eq. (iii), we have 


= [cost fo +(Asint)c, +(Acost)c, |dt 


Cc 
2 2 i 2 
=> c = [jcost- dt dey [Eat + dey "1+ 00821 a 
20 
= c =|, cost: f(t)dt+0+Ac,:x 
20 , 
=> ¢ — Ame, =| cost: fat (vi) 


Similarly, by Eqs. (v) and (iv), 
2 7 
—Ane, +0, =f "sine fat (vii) 


From Eq. (vi) and (vii), 


— 
the corresponding D(A) | n =(1- Ax’) (viii) 
—An 
pao (ix) 
1 


Case 1: When f(x) = 0, then Eq. (i) reduces to 


20 
(x) = Al. sin(x +f): 9(t)dt 
(a) If D(A) # 0, then we shall have a unique zero solution, i.e., c; = 0 
= C>. So, Eq. (i) has the solution g(x) = 0. 
(b) If D(A) = 0 (case of non-trivial solution), i.e., if jet. then the 
1 


eigenvalues are A=+—. 
1 
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-1 


We now find eigenfunctions corresponding to A =—, —. 
1 


’ 


ale 


1 
For A=—, using Eq. (vi) and (vii) with fix) = 0, these equations give 
1 
C1 — C) = O, and therefore, Eq. (11) becomes 
g(x)= 4 (sin x +cosx) = A(sin x + cos x) 
1 


Cc. : 
where, A =— is an arbitrary constant. 
1 


Thus, (sinx + cosx) or any non-zero constant multiple of (sinx + cos.) 
: : : : . 1 
will be the eigenfunction corresponding to eigenvalue A =—. 
1 


-1 
Similarly, corresponding to 7 = Eq. (vi) and (vii) with f(x) = 0 give 
c, + Cy = 0, and therefore, Eq. (i1) becomes 
g(x)= 2 (sin x —cosx) = B(sin x —cosx) 
t 


Cy. ‘ 
where, B =— is an arbitrary constant. 
T 


Thus, (sinx — cosx) or any non-zero constant multiple of (sinx — cos.x) 


1 
will be the eigenfunction corresponding to eigenvalue 4 =-—. 
T 


Case 2: When f(x) # 0, but 


20 2n 
in cost: f(t)dt=0 and | sine f()=0 


1.e., f(t) is orthogonal to cos ¢ and sin ¢, then Eqs. (vi) and (vii) provide 
homogeneous linear equations. We have the following two situations: 
(a) If D(A) # 0, Eqs. (vi) and (vii) provide c, = 0 = c>. So, the solution 
of Eq. (i) is g(x) = fi). 
1 
(b) If D(A) = 0, then A=+— and as found in Case 1, we have infinite 
1 


non-zero solutions. The resulting solution of (1) is g(x) = f(x) + the 


1 
arbitrary multiples of (sinx + cosx) if A=—, and (sinx — cosx) if 
1 T 
A=-—. 
1 
20 2m , 
Case 3: When at least one of the iF cost: f(t)dt #0 or lp sint- f(t)dt #0 
we have the following two situations: 
(a) If D(A) # 0, we will have a unique non-zero solution of Eq. (i). 


(b) If D(A) = 0 and A ne, then Eq. (vi) and (vii) become 
1 
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20 
Cy Cy =|, cost: f(t) dt 


[x(a)] 
ee =f sine fat [x(b)] 
When A = -1/z, then Eqs. (vi) and (vii) provide 
te = [cose . f (tat 
7 [xi(a)] 
cyte, =] sine. fat [xi(b)] 


Now, Eqs. [x(a)] and [x(b)] are incompatible unless the function f(7) satisfies 
the condition. 


[ "cose. fat =-{-" sine far 
0 0 


a [-" (cost +sint)- f()dt =0 (xii) 


Similarly, Eqs. [xi(a)] and [xi(b)] are incompatible unless the function f(4) 
satisfies the condition 

2 or 

i: "(sint—cos?): f(t)dt =0 (xiii) 

When Eqs. (xii) and (xiii) are satisfied, the Eqs. (x) and (xi) become 


redundant and we have infinitely many solutions. 


1 
Another case: When A=— and Eq. (xii) is satisfied, then by Eq. (x) 
1 


20 
Cy =Cy +], cost: f(t) dt 


Now, putting it in Eq. (ii). 


a SIn.x p2z 
+ 


g(x) = f(x) +~— J cost: f(t)dt + 2 cosx 
a -9 1 


sin x 


(x) = f(x) + ie cost: f(t)dt + A(cosx +sin x) (xiv) 


where, A = c)/7 is an ae constant. 


Thus, if A = 1/m and [" (cosx+sinx)f(x)dx =0, Eq (i) possesses 
infinitely many solutions. 
Similarly, when A = —1/z, and Eq. (xiii) is satisfied, then by Eq. (xi), 
20 
C=C) + ie cost: f(t)dt 
Putting it in Eq. (ii), we get 


sin x 


a(x) = f(x) - 


a cost: f(t)dt + B(sin x — cos x) (xv) 
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Thus, if 2 = —1/m and [" (sinx —cosx) f(x)dx =0, Eq. (i) possesses 
infinitely many solutions. 


EXAMPLE 4.7: Solve the following integral equation and discuss its all 
possible cases: 


d(x) = F(X) + a. (1—3xt)o(0)dt 


Solution: 
The given integral equation is @(x) = F(x) + al (1 — 3xt) o(t)dt (i) 
It may be expressed as 
Wx) = F(x) +A o(e)de—3xAJ' root (ii) 
Let a= I, g(t)at (iii) 
1 : 
and G = J, t o(t)dt (iv) 
so that Eq. (ii) shapes as below: 
Wx) = F(x) + Ac, -—3xAc, (v) 
so that Wt) = F(t) +c,A -3Acyt (vi) 
1 
Thus, c= | [FO +4 —3Acytldt 
or c = | F(@dt +¢,2 -32¢ ea (vil) 
a= Ia 1 275 


Similarly, by Eqs. (iv) and (vi), 
1 
C= J, {LF (t) + ¢,A —3Acyt]dt 


or C= iF tF(t)dt+c,A- ; —3c,d- : (viii) 

Equations (vii) and (viii) may be expressed as 
(1-A)e, + aa =|. F(t)dt = I, F(x)dx (ix) 

d Lora re ae =| 
an =o +(1+A)c, = i, tF(t)dt = |, x F(x)dx (x) 
The determinant 
1-A 3A/2| 1 4 . 
D(A) = =—(4-1 

4) | Al2 ea greed an 


Case 1: A unique solution of the system of equations i.e., Eqs. (ix) and 
(x) will exist if and only if D(A)#0 >A #+2. As discussed in Section 4.2 
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(Case 3), the values of c,; and c, can be determined by solving this system, 
which in turn, after putting in Eq. (v) gives the solution of integral equation, 
i.e., Eq. (ii) Particularly, if F(x) = 0 and A # +2, we derive c, = 0 = cp, 
which leads to trivial solution @(x) = 0. Clearly, the numbers 2 = +2 are the 
eigenvalues for the problem. 

If A = 2, Eqs. (ix) and (x) shape as 


1 
~c, +3, = i. F(x)dx 
=> J, (1—x)F(x)dx =0 
—c, +3¢, = ie xP (x)dx 


This means that for A = 2, the system of equations becomes incompatible 


(possessing no solution) unless [a-»F (x) =0. If this is true, then we get 
same set from both the equations, which means one relation in c, and c>, and 
hence, infinitely many solutions will exist. 

If A = -2, a similar argument follows. 


Case 2: Let F(x) = 0, then Eq. (i) is homogeneous integral equation; 


6(x)= al, (1 —3xt) ot) dt eal 


If A # +2, then Eq. (i) has the trivial solution @(x) = 0, as mentioned in 
Case 1. 
For non-trivial solution A = +2 are the eigenvalues, we find eigen- function 
for A = 2 first. Eqs. (ix) and (x) for F(x) = 0 reduce to 
Cy = 39 
and then, by Eq. (v), 
(x) = 2(3c2 — 3xc2) = AC — x) 


where, A = 6c) is an arbitrary constant. 
Thus, in this case, for 2 = 2, the eigenfunction is A(1 — x). 
Similarly, for A = —2, Eq. (ix) and (x) provide c,; = cp. 
Again, by Eq. (v), 
@(x) = —2¢,(1-—3x) = BU - 3x) 


where B = —2c, is an arbitrary constant. 
Clearly, in this case, when A = —2, the eigenfunction is B(1 — 3x). 


Case 3: When F(x) # 0, then the given integral equation, i.e., Eq. (i) is 
non-homogeneous. We consider the following three situations. 

(a) When A # +2: This situation has already been dealt in Case 1. 

(b) When A = 2: The compatibility is there if F(x) is orthogonal to 


(1 — x). We refer back to Case 1 [if A = 2, and [ (1 — x)F(x)de =0] 
and we have found : 
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1 
C, =3e) - J, F(x)dx 
which by Eq. (v) gives 
$(x) = F(x) + ABe, I, F(x)dx]—3xc,0 
or (x) = F(x) - 2) F(x) dx + A(1—x) (xiii) 


where, A = 6c) 


Finally, if A = 2 and fia —x)F(x)=0, Eq. (xiii) gives infinitely 
many solutions. : 

(c) When A=-2: As before, the compatibility is there if F(x) is orthogonal 
with (1 — 3x). 


: 1 
i.e., J, (1 —3x)F(x)dx =0, and we find 


1 fl 
Cy =C + |, F(x)dx 
which by Eq. (v), gives 
Q(x) = F(x) + ae + sFe ax| —3xc,A 
or x) =F) = =f, F(x)dx + BO 3x) (xiv) 
where, B=-2c, =-2c¢ 


Finally, if A = —2 and [a-30F (x) =0, Eq. (xiv) provides infinitely 
many solutions. : 


EXERCISE 4.1 


Solve the following integral equations. 

x 1 Xk 

1. u(x)=e +AJ 20 e -u(t)dt 
/2 
2, Wx)=2x—m+ 4. sin2x dé 
1 
3. 2(s)=st Al, st(s +g(t)dt 
1 

4. Ox)=U4x7) +] Ct tx?? oat 


5. Wx) = cost aj” sin(x—t) @(t)dt 
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1 
6. gs) = f(s)+Af_ stl +st)g(0) dt . Find its resolvent kernel also. 
7. Invert (or solve) the integral equation: 
2 
g(s) = f(s) +A "(sins cost) g(t) dt 


1 
8. Solve s(s)=x+AJ. (at? +x7ng dt 


n/2 
9. Solve g(x) =1+ Al, cos(x —t)g(t)dt , and find its eigenvalues. 


x 


Answers 
e 


1. u(x) = 1-A(e—-1 
2. (x) =2x—m+(n’ sin? x)/(a —-1) 


A#1M(e -1) 


3. g(s)=[(240 — 60A) + 80As? 1/(240 — 120A — A”) 
4. (x) =1+6x +(25/9)x* or O(x) = (1+. x)? +4x + (16 /9)x? 
5. Wx) = {4cosx +2mAsin x}/(44+727A7) 


1 | 3st 5st? 
am 4 t) dt 
6. g(s)= f(s) + WM erar aide 
2,2 
resolvent kernel R(s, t;A) = 3 = Z : ~ ; Fi 


7. g(s) = {2/2 —A)} sin s, A # 2 


(240 -60A)x + 80Ax? 
240 -120A- A? 


8. a(x) 


A(cosx + sin x) 1= 4/042) 


=1+ 
oS Gaon 


%, 
“e “~ “ 


4 CHAPTER 5 


Integral Equations with 
Symmetric Kernels 


5.1 INTRODUCTION 


In the previous chapters, Fredholm integral equations of the second kind have 
been considered for any given kernal K(x, t) by having the eigenvalues and 
corresponding eigenfunctions. In this chapter, the same equation is the main 
motive, but now, the kernel is symmetric. 


5.2 SYMMETRIC KERNAL 


A kernel K(x, ft) is said to be symmetric (also complex symmetric or Hermitian) 
if 
K (x,t)=K (t,x) (5.1) 


where, the bar denotes the complex conjugate. If the kernel is real, the 


symmetry reduces to equality. 
K (x,t)=K (t,x) (5.2) 


Theorem: If a kernel is symmetric, then all its iterated kernels are also 
symmetric. 


Proof: Let the kernel K(x, 4) be symmetric. Then, by defintion, 
K (x,t)=K (t,x) (6.3) 


By definition, the iterated kernels K, (x,t),nel * are defined as 


K, (x,t)=K(xt) [5.4(a)] 
K, (xt) =f K(x,2).K, ide neo [5.4(b)] 
Kiso, K, (xt) =) Ky (.2).K (et) dz HEI, [5.4(c)] 
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We shall use the principle of mathematical induction to prove the required 
results. 


By Eq. [(5.4(b)], 

K, (x,t) =f" K(x,2).K, (2,t)dz 
Now, by Eq. [(5.4(a)], 

K,(x,t)= J) K(x,2).K(z,t)dz 
and By Eq. (5.3) 

K, (x1) =)’ Re.x).Ktt, 2)dz 


K,(x,)=[K(z).K(@.x)dz 
By Eq. [(5.4(a)], 
K,(%t) =| K(t,z)-K,(z,x)dz 


Thus, K, (x,t) = i, (t,x) 


which shows that K,(x, f) is symmetric by definition, and the required result 
is true for n = 1, 2. 
Let K,(x, t) be symmetric for n = m. Then, by definition, 


Ky (%,t) =K,, (6) [5.4(d)] 
We shall show that K,,(x, ft) is also symmetric for n = m + 1, 1.e., 
Kv ee t) = ae (t,x) [5.4(e)] 


Now, by Eq. [5.4(b)], 
b 
K yi (50) =| K(x,z):K,,(z,t)dz 
Now, using Eqs. (5.3) and [5.4(d)], 


bo = 
Kyu =] K@x)-Ky (tz) 


b= = 
K aj (50) =| K (tz) K(z,x)az 
which upon using Eq. [5.4(c)] becomes 
K ni (%0t) =Kyy4 (4), which is the R.H.S. of Eq. [5.4(e)]. 


Thus, the iterated kernel K,(x, t) is symmetric for n = 1, 2; and it is also 
symmetric for n = m + | whenever it is true for n = m. Hence, by mathematical 
induction, K,,(x, f) is symmetric for n = 1, 2, .... 


5.3 REGULARITY CONDITION 


In our study, the functions are either continuous or integrable or square 
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integrable. When an integral sign is used, it is to be taken as Lebesgue integral. 
Moreover, we know that a function which is Riemann integrable, it is also 
Lebesgue integrable. By a square integrable function f(x), we mean that 


2 a 
J I f00P ak <2 
For example, es sec2 xdx— co and it (sec x) is not square integrable. 
A square integrable function f(x) is also called L, function. A kernel K(x,1) 
is an L, function if it satisfies the following three conditions: 
b pb 5 
Lf [1 K@0P dedt<eo, #xela,b],Kte[a,b] 
7 2 
2. f'|K(at)Pdt<eo, ¥xe[a,b], and 


b 
J 1 KG.OP de<ee, ¥te[a,b] 


5.4 INNER OR SCALAR PRODUCT OF TWO FUNCTIONS 
The inner or scalar product of two complex functions @ and y of real variable 


x,aSx<b is denoted by (¢,y) and is defined as (Ow) =f (x) Wade. 
where the bar denotes the complex conjugate. ‘! 
The norm of a function (x) is given by the following relation: 


1/2 


jocoil=[fo9.deae] =[[ ox? ae 


A function @(x) is said to be normalised if ||@(@)|| = 1. It follows that a non- 
null function (whose norm is not zero) can always be normalised by dividing 
it by its norm. 


Note: For the Fredholm linear operator K, 


Ko=]K(x,-6(0d! 
The operator adjoint to K is 
Ry=|'R.x)-w(oat 
The two operators K@ and Ky are connected as follows: 


(Ko, W)=(o,KW) 
For a symmetric kernel, it reduces to (Kd, Y)=(@,K WY), which means that a 
symmetric kernel is self-adjoint. Now, since the permutation of factors in a scalar 


product is equivalent to taking the complex conjugate, so (@,K o)=(K@,@). 
Combining this with (K¢,w)=(¢,KYy), we find that for a symmetric kernel, 
the inner product (K@,@) is always real. The converse of this is also true. 
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5.5 ORTHOGONAL SYSTEM OF FUNCTIONS 

A finite or an infinite set {@,(x)} defined on an interval a < x < b is said 
to be an orthogonal set if (9;,0;) = 0 or [9 (x).9; (x)dx=0,i#j. For 
instance, [sin x.cosxdx=0; so sin x and cos x are orthogonal functions for 
O<sx<27z. 


If none of the elements of this set is a zero vector, then it is called proper 
orthogonal set. The set {@(x)} is orthonormal if 


0, i#] 
1, i=] 
Any function @(x) for which ||@(x)|| = 1 is said to be normalised. 
Given a finite or an infinite (denumerable) independent set of functions 


{W1, Wo, ... We ..} we can construct an orthonormal set {@), 5, ..., Oy ...}. 
We have an important theorem (without proof) relating such functions. 


b 
(9.6/)=] 4,02) 6, ontr=| 


Riesz—Fisher Theorem: If {@,(x)} is a given orthogonal system of functions 
in Ly and {a} is a given sequence of complex numbers such that the series 


oy a; > converges, then there exists a unique function f(x) for which @; are 
i=l 

the Fourier coefficients with respect to the orthonormal system {@,(x)} and to 
which the Fourier series converges in the mean, i.e., 


Il Fx) — } @;.9;(x) || 90 as n > 
i=l 


5.6 FUNDAMENTAL PROPERTIES OF EIGENVALUES AND 
EIGENFUNCTIONS OF SYMMETRIC KERNELS 


We consider the following symmetric integral equation: 
b = 
Al K(x,).g(dt= f(x) or AKg = fs K(x,)=K (tx) 
Property 1: The eigenvalues of a symmetric kernel are real. 


Proof: Let A and @(x) be an eigenvalue and a corresponding eigenfunction 
of kernal K(x, t). Then, by definition of eigenfunction, 


b 
O(x)=A] K(x.) oat 
or, (x) -A KO(x)=0 
Multiplying by (x) and integrating with respect to x from a to b, we obtain 
|| $x) I -AK9,9)=0 


or A=|| (x) |’ (KO.9) 
Since both N’ and D’ for R.H.S. are real, hence / is real. 
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Property 2: The eigenfunctions of symmetric kernel, corresponding to 
different eigenvalues are orthogonal. 

Proof: Let ¢, and @, be eigenfunctions corresponing to eigenvalues A, and 
A, respectively, where A; # A,. Then by definition, we have 


$ —A,Ko, =0 (5.5) 

o, —A, Ko, =0 (5.6) 
Since A, is real, Eq. (5.6) may written as 

$) —A, Ko, =0 (5.7) 
Multiplying Eq. (5.5) by A,@, and Eq. (5.7) by Aj,@), subtracting and 
integrating, we get recollect @.w)=f'oev ede } 


bpb— oe 
(Ay -— 41) (9,6. = AA, | [, > (x) K (x,t) b(t) dt dx 


b pb _ _ 
= J J. (x) K(x, 1) b(t) dt ax | (5.8) 
Since kernel K(x, t) is symmetric, we have 
Using Eq. (5.9), we find that R.H.S. of Eq. (5.8) vanishes, and so, we get 


(A, — 41) (9,62) =0 (5.10) 
Now, since A, # A,, Eq. (5.10) reduces to (¢,,0;) = 0, 


which means @, and @) are orthogonal. 
Property 3: The multiplicity of any non-zero eigenvalue is finite for every 
symmetric kernel for which rh K(x,t) dx dt is finite. 


Property 4: The eigenvalues of a symmetric Ly kernel forms a finite or an 
infinite sequence {A,} with no finite limit point. 


Property 5: The set of eigenvalues of the second iterated kernel coincide 
with the set of squares of the eigenvalues of the given kernel. 


Property 6: The sequence of eigenfunctions of a symmetric kernel can be 
made orthonormal. 


5.7 HILBERT-SCHMIDT THEOREM 


If f(x) can be written in the form 


F=f? Kx, ty h(t)dt (5.11) 


where K(x, t) is a symmetric—kernel and A(t) is an L,—-function, then f(x) can 
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be expanded in an absolutely and uniformly convergent Fourier series with 


respect to the orthonormal system of eigenfunctions 9,(*), )(x),.-.0,(X),-.- of 
the kernel K(x, 2). 


a => f0, (x) (5.12) 
where, n=l 
Sn =(F59n) (5.13) 


The Fourier coefficients f, of the functions f(x) are related to the Fourier 
coefficients h, of the functions h(x) by the following relations: 


Sn = Ayla (5.14) 
and h, = (h, O)) (5.15) 
where 1, are the eigenvalues of kernel K(x, f). 


Proof: Let K(x, t) be a non-null, symmetric kernel which has a finite or 
an infinite number of (real and non-zero) eigenvalues, ordering them in the 
sequence 


Ay, May vs Any (5.16) 


in such a way that each eigenvalue is repeated as many times as its multiplicity. 
We further agree to denumerate these eigenvalues in the order that corresponds 
to their absolute value, i.e., 


O<|A, |S|A,|S--- SIA, IS Ana lSe 


Let Q(X), 0) (Xx), °°, , (x) oe (5.17) 


be the sequence of eigenfunctions corresponding to the eigenvalues given by 
the sequence shown in Eq. (5.16) and arranged in such a way that they are 
no longer repeated and are linearly independent in each group corresponding 
to the same eigenvalue. 

Thus, to each eigenvalue A, in Eq. (5.16), there corresponds just one 
eigenfunction @,(x) in Eq. (5.17). Further, we suppose eigenfunctions @,(x) in 
Eq. (5.12) have been orthonormalised. 

Now, the Fourier coefficients f, of the function f(x) with respect to the 
orthonormal system {@,(x)} are [given by Eq. (5.13)] 


Sn =(F59n) = (KG, ) = (AK Gn) 


u hy , using the self-adjoint property of the operator and the 


In =5-(hd,)=5 


hy ; 
relation 1,K@, = @,. 


Hence, the Fourier series for f(x) is given by Eq. (5.12) and is expressed as 


= h 
ie Dag 


n=l°"n 


0, (x)= > 0, (x) (5.18) 
n=l 
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We now estimate the remainder term of the series Eq. (5.18), as shown 


below: 
n+ 2 h+ h+ 2 
5! 4, #2) <( Sa ]( 3 aor] 


k=n+1 Ay k=n+1 k=n+1 Ai 
h+p co 42 
(Se (E82) S19) 
k=n+1 k=1 A 


Using Bessel’s inequality, 


oo 2: 
5 OT < Pike P at<C? 


n=1 n 


We find that the above series is bounded. Moreover, since h(x) is an 


L, function, it follows that the series Li is convergent and the partial 
n+P k=1 

sum > h, can be made arbitrarily small. Hence, Eq. (5.18) converges 
k=n+1 

absolutely and uniformly. 


We now proceed to show that Eq. (5.18) converges to f(x) in the mean. 
For this purpose, let us denote its partial sum as 


n 


h 
Vv,(n= > a on) (5.20) 


m=1 *“m 


and estimate the value of || f(x)—w,,(x)||- 


n 


h 
Now, f(x)-y,(x) =Kh—- >, = Gy) [For h,,, refer to Eq. (5.15)] 


m =| *“m 


= Kh- y Pn) 6, =KO™D (5.21) 
m=1 ‘m 


where K‘"*!) is the truncated kernel. From Eq. (5.21), we have 
£0) —y, (0) [P= | KOPAP= KOM, KOMA) 


= (A, KOKA) = (h, KoA) (5.22) 
where we have used the self-adjointness property of kernel K’*!) and also the 
relation K@*) KO) A= Kier), 

We know that the set of eigenvalues of the second iterated kernel coincides 
with the set of squares of the eigenvalues of the given kernel. Using this 
property, we see that the least eigenvalue of kernel ny) is equal to 


1 (h, KS? Yh) 
= max 
2 (h, h) 


A, +1. Again, (5.23) 


n+l 
where we have omitted the modulus sign from the scalar product (h,K"*h) 
because it is a positive quantity. 
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Combining Eq. (5.22) and (5.23), we find 
(A,h) 


If) —y, (x) [P= (A. KSA) < (5.24) 
Since A,,; > ©, Eq. (5.24) gives ™ 
I f@)-y,(x) || 90 asn > ~ (5.25) 
Now, we use the relation 
Il FO) — w(x) IIS |] FQ) — Wi ) I+ YC - WO) || (5.26) 


where yx) is the limit of the series with partial sum y,,. 
As shown above, the first term on the R.H.S. of (5.26) tends to zero, and to 
show that the second term of R.H.S. of (5.26) also tends to zero, we proceed 
as follows: 

Since Eq. (5.18) converges uniformly, we have, for an arbitrarily small 
and positive quantity €, | w,,(x)— w(x) |<e, when n is sufficiently large. 

Vn (2) -W Or) || <e-ay? 

and hence IY, (2) - W(x) || 0 


Hence, Eq. (5.26) shows that fx) = wx), and thus, the result follows. 


5.8 SCHMIDT'S SOLUTION OF NON-HOMOGENEOUS 
FREDHOLM INTEGRAL EQUATION OF THE SECOND KIND 


Consider 
y(a)= fx) + Af” K@tyOat (5.27) 


where K(x, ft) is continuous, real and symmetric kernel and A is not an 
eigenvalue. 


Statement of Hilbert-Schmidt theorem: 
Let F(x) be generated from a continuous function y(x) by the operator 


b 
AY K (x,t): Ode, 
where K(x, ft) is continuous, real and symmetric, 
b 
so that F(x) =A] K (x,t): (Oat (5.28) 


The function F(x) can be expressed over the interval (a, b) by a linear 
combination of the normalised eigenfunctions of homogeneous integral equation 


Wee Af’ K(, 1) -y(t)dt (5.29) 


having K(x, ft) as its kernel. 
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Procedure of solution 
From Eq. (5.27), we have 


V(x) — f(x) = af K(x.) - y(t)dt (5.30) 


Since this equation is of the form Eq. (5.28), it follows from Hilbert—Schmidt 
theorem 


W(x) f(®)= DY) an On(X), aS x <b (5.31) 
m=1 


where @,,(x) (m= 1, 2, 3,...) are the normalised eigenfunctions of homogeneous 
integral Eq. (5.29). 

Let A,, be the corresponding eigenvalues of Eq. (5.29), where A # A,, for 
m = 1, 2, 3... 

Since @,,(x) is normalised, we have 


[2 n(x), 0) ae -| 


Multiplying both sides of Eq. (5.31) by @,,(x) and then integrating with 
respect to x from a to b, we get 


b b 
J, 12)-On dx - J" $09.6, (2) dx 


O,m#n 
1 (5.32) 


° 


= fbx) bg (ade t+ ay, JO, (0) Oy (@)-de eo 6.33) 

Now, let Cn = J 9(2)6,,00) dx (5.34) 

and i= [’fooe, (x) dx (5.35) 
Then, by using Eq. (5.32), Eq. (5.33) provides 

Cf, =0+0+--+a,+0-- (5.36) 


And now, multiplying both sides of Eq. (5.27) by @,,(x) and then integrating 
with respect to x from a to b, we get 


b b b{ pb 
Fiver OqGdde= J" Feu ade + AP TP KEon.noaehe, (oa 
Now, using Eqs. (5.34) and (5.35) and interchanging the order of integration 


C= fy AY? orf K(t.x)0, (xa at (5.37) 


Here, we have used the symmetric property of K(, #). 
Further, since @,,(x) is eigenfunction corresponding to the eigenvalue A,, of 
Eq. (5.29), by definition, we have 


b 
Om (X)= Am | K(%1)-Gy Oat 
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[Since eigenfunction has to satisfy the integral equation] 
Oy, (2) = Ay JK (22) by (2) dz 
[By changing the variable of integration (¢ to z)] 
by (1) = Ay K (2) Oy (2) dz 
[By changing the argument x] 
by (0) = Ay J” K (C2) Oy (3) 
[By again changing the variable of integration] 
ae [[Ki04, (de = a (5.38) 


m 


Then, Eq. (5.37) gives 


b t 5] 
Cu = Sn AL 1) eae = f, +A [PE v10)-Oq(2Ddr 
which upon using Eq. (5.34) shapes as 
Co = Sn + ao (5.39) 


m 


Now, by Eq. (5.36), we have [by eliminating C,,, (just by putting C,,,)] 


ag + Sn = Sg +O + Sy) 


ivi a 27 5.40 
giving m= gin (5.40) 


Upon substituting this values of a,, in Eq. (5.31), the required solution of 
Eq. (5.27) is 


A 
(x)— f(x) = (gt fo ) 
~ ‘ 2 An —4 . 


fee 7 Pn (X) (5.41) 


or VT) tae 


m 


Further, using Eq. (5.35) for f,,, we get (variable of integration changed) 
m(X) fo 
yx) = f+ ALLA. f FOG, (at 


Pn()Om CO) 
Apna 


m 


ot voy=stoyeaf 1S | ro 


or v(x) = fx) + Af ROH) flOdt (5.42) 
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where the resolvent kernel R(x, ft; A) is given by 
Pn (X)- Om) 
R(x,t;A) = ) 4 + 

(x,0;4) =) rs) 


m 
We analyse the following three cases: 


(5.43) 


Case 1: Unique solution: A # A,,, a,, is given by Eq. (5.40) to be substituted 
in Eq. (5.31) to get the unique solution which is given by 


ya) =f) +AE= 22 6,00 (5.44) 


m 


Case 2: No solution: Let the k eigenvalue be A, = A. Also let 
b 
Si =|. F(x), (x)dx#0, which means that @,(x) is not orthogonal to f(x). 


x 
Now, because of the presence of the term Je On() 
is not defined; so, no solution is obtained. ““* ~ 


in the solution, this term 


Case 3: Infinitely many solutions: Let A = A,, and f, = 0. Then by Eq. (5.39) 


AC A 
= m C,=0+—C, > C,=C 

OD es i. » ~k rT k k k 
This being an identity does not impose any restriction on C;, with the result a; 
[refer to Eq. (5.40)] is of form zero/zero and becomes arbitrary. In this situation, 
we express Eq. (5.41) as follows: 
' An 
V(x) = f(x) + AG, (x) +4¥ a ¢,,(X) (5.45) 


A 


m 


where primed & implies that we shall omit m = k in the summation and A is 
an arbitrary constant. The solution given in Eq. (5.45) due to arbitrary nature 
of A shows that given Eq. (5.27) possesses infinitely many solutions. 


EXAMPLE 5.1: By using Hilbert-Schmidt theorem, solve the following 
symmetric integral equation: 


y(x) =(x+1)2 + [) (xt + x222) y(Odt 
Solution: The given equation is y(x)=(x +1)? + iy (xt+x°t?) y(t)dt (i) 
Comparing Eq. (i) with Eq. (5.27), ie., 7 
a= f+ arf? K(ad.ddt (ii) 
we get f(x) =(x +1)’, A=1,K(x,1 =(at +70’) (iii) 


First, we determine the eigenvalues and the corresponding normalised 
eigenfunctions of Eq. (i) after deleting its non-homogeneous part. So, let 
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! 2,2 
y(x) = Ay, (xt +.x°t’)-y(t)dt (iv) 
=> = | 2) 2 
y(x) = Ax | ty(ddt+ dx [ea y(t) dt (v) 
Let i ty(t)dt = c, (vi) 
oe 7 
and if (t)dt =c, (vil) 
So, Eq. (v) reduces to y(x)=Aey.x + Acy.x? (viii) 
and y()=AGg.ttAg.t (ix) 
1 
Then, by Eq. (vi) C = [tet + Ac,.t?) at 
I 1 
f - 
or e, =Ac,|—]| +Ac,| — 
3 4 
- -l 
2 
Cy = Ae, + 0 Cy 
2 
or > (1 - 2, +0.c, =0 (x) 
Similarly, by Eq. (ix) and (vii) 
1 
C5 =|, t? (Ac, .t + Acst”)dt 
1 I 
or Co =C,A| —| +0,A) — 
4 5 
-l - 
or 0.c, (1 74) a =0 (xi) 
Equation (x) and (xi) will provide non-trivial values of c, and cy only if 
mg 
D(A)= - (xii) 
.. 2 
5 


Giving A = 3/2, 5/2 as the required eigenvalues. 


Determination of eigenfunction corresponding to i, = 3/2 


Putting A(= a)=> in Eq. (x) and (xi), we get 


0.c, +0.c, =0 and 0.c, +(1-2. 3] 
5 2 


we find that c. = 0 and c, is arbitrary. 
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3 
Then, by Eq. (viii), one eigenfunction is y,(x)= ae or y|(x) = x by taking 
3c, 
“ly 


Now, the corresponding normalised eigenfunction @)(x) is given by 


(x) = wi) __ + _xv6 (xiii) 


Kowrap (Lea) 


or : : : 5 
Determination of eigenfunction corresponding to i, = a 


Putting A(=A,) => in Eqs. (x) and (xi), we get 


2 5 
0.¢ +(1-2 > es =0 > 0.¢, +0.c, =0 
and 


2: 5 2) 
(1-2. 3)q +0.c, =0=> (1-S}e +0.c, =0 


We find that here, c; = 0 and cp is arbitrary. 
Now, substituting these c, and c, in Eq. (viii), the eigenfunction 


corresponding to A, =; is 
=) 
yy (x) =0+ soe 
yo(x) = 2°, (by taking 0, =1) 


Further, the corresponding normalised eigenfunction @)(x) is given by 


V(x) _ = _ V10 2 
I l 2 (xiv) 
[J bacoP ae (fl sta P 


Now, by Eqs (iii) and (xiii) [also refer to Eq. (5.35)], 


vox Ja 


(x) = 


=f, £0). 0ode=f/, +? [“e 


“(2 i 2x° 4 oe } = 2V6 (xiv) 
=| 


V6 pl 2 
awl (x) 42x? + x)dx =| 4S 4 
Similarly, by Eqs. (iii) and (xiv), 


f= f/f) a=! +n? Prax 
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5 4 3]! 
po: Pa — -=vi0 (xv) 
-l 


5 4 3 


3 
Also, from Eq. (iii) A = 1 and A, = A, = ve : 


Thus, we see that A#/A, #A,, the integral equation, i.e., Eq. (i) will possess 
a unique solution, which is given by 


2 
y= fG)+A Lo (x) (xvi) 
7 2,4) A fro 
y(x) = (x + 1) | ft, os) 
meleses 
; 2 5 jl 2 
y(x) = (x + 1% + + 
24 3 
2: 2, 


or y(x)= 2s +6x+1, is the solution of Eq. (i). 


EXAMPLE 5.2: Using Hilbert-Schmidt theorem, find the solution of the 
following symmetrical integral equation 


y(x) = (x2 +1) + > [. (xt + x2t?)-y(t) dt 


Solution: The given equations is 


yx) =(x? +1) + =[' (xt +.x7t7)- y(ddt (i) 
Comparing Eq. (i) with Eq. (5.27), i.e., 
b 
y(x)= f(x) +A K(x0). yOadt (ii) 
We have 
f=? +1, A= = K(x t)h=xtt+x0? (iii) 


First, we determine the eigenvalues and the corresponding normalised 
eigenfunctions of Eq. (i) after deleting its non-homogeneous part. Then, it is for 


wa) = Af) @t+°P)- Odi (iv) 


Equation (iv) is same as Eq. (iv) of Example 5.1. So, we take the eigenvalues 
and the corresponding normalised eigenfunctions and these are 
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3 P) xvV6 V10x? 
A, ~ 5? A, 752 ee ,(x) = 5) 
l 1 6 
Now, A)=J Fd @dx = JO? + pas =0 (v) 
1 
and A=], f(a 
ae, vio[ x5 x*] _ svio | 
+1 =2 + 7 (vi) 
fio= [02 +0 re Si, oe 

Here, we find that A=s=h and A # A,, so here, infinitely many 

solutions will exist [case a1 and then the solution is given by 
0) =f) + A940) +2! 40 (vi 

m=l ““m 


Here, 2’ means that the term for m = 1 must be neglected. So, we get 


Wx) = f(x) + AQ, (x) 


(810) 
xV6 n 3 415 x*J/10 
2 25.2 2 
2 2 
or yx) =x? +1tex+4x’, « = 
or (x)= ay +c,x +1 is the required solution, c, being an arbitrary constant. 


V(x) =(x? | 


EXAMPLE 5.3: Solve the following symmetric integral equation by Hilbert— 
Schmidt theorem: 


y(x)=1+A J" cos(x +1): yar 
Solution: The given equations is 

yx) =1+ al” cos (x +1): y(t)dt (i) 
Comparing Eq. (i) with Eq. (5.27), 1.e., 

VO=fFA [KD rOdt (i 


We get fix) = 1, A = A, K(@, t) = cos (x + 4) (iii) 
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We first determine the eigenvalues and the corresponding normalised 
eigenfunctions of Eq. (i) after deleting its non-homogeneous part, i.e., let 


y(x)= AJ cost +2)-y(t)dt 


(iv) 
(x)= Af" (cosx cost—sin x sint)-y(t) dt 
or 0 
T ‘ Re; 
or V(x) = Acosx J. cost-y(0)dt—Asin x | sint- y(t) dt (v) 
a 
Let Cc, = J, cost: y(t) dt (vi) 
u . oe 
and C= J, sint- y(t) dt (vii) 
Then, Eq. (v) becomes 
y(x)=c,Acos x—c,Asin x (viii) 
and 
y(t)=c,Acost—c,Asint 
(ix) 
Then Eq. (vi) gives ¢ = [cost [cAcost—c,A sin rat 
Ca T CA nN, 
C, cal (1+c0s21)dt——2— J. sin 2¢dt 
aA/ saat) =| sos2t 
D 7 2 2° lk 
cA 
Cy = — "7 
2 
> c,: (2-An)+0-c, =0 (x) 
Similarly, using Eq. (ix), (vii) gives 
nm. ; 
Co =|, sint [c\Acost—c,Asint]dt 
A A 
C a , sin2rdt-2= ["(1—cos21)dt 
cA(cos2t)” Ac, sin 2t |” 
or C= a t— 
eo) o 2 | 
CA 
=0-2“(4-0 
Cy > ( ) 
or 0-¢, +(2+Az)c, =0 (x1) 


Equations (x) and (xi) will have a non-trivial solution if 
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2-An 0 
0 2+An 


D(A) -| 


= (2-Am)(2+Am)=0 


So, 2, and A, are the eigenvalues. 


Determination of eigenfunction corresponding to /, = z 
a 
For this value of A=A, acm Eqs. (x) and (xi) give 
1 
c).0+0.co =O and 0.c; + 4c, = 0 


This means cz = 0 and c, is arbitrary. 


2 
Putting these values in Eq. (viii) and recollecting that 2; =—, we have the 
eigenfunction y,(x) given by wv 


2 . 
y (x)= —-c, -cosx= cosx , by taking 2c _) 
ig /% 


The corresponding normalised eigenfunction (x) is given by 


ee y, (x) _ cosx _ cosx 
1 1/2 1 1 1 2 
[ff vera feos? xa | eos 
cosx cosx (2 i 
(x) = = cos x (xii) 
1 


( sax) Va /2 
—|x+ 
2 2 Jo 


Determination of eigenfunction corresponding to A, Oi 
a 
—2 
For this value of A=A, =—, Eqs. (x) and (xi) give 
1 
4c, + 0.c;} =O and 0.c; + 0.c. = 0 


This means c, = 0 and c, is arbitrary. 


2 
Putting these values in Eq. (viii) and recollecting that A =—, we have 
the eigenfunction . 
Vo (x)=0-—(-2/70)-c, sinx 


2 
or yo(x) = sin x, [Taking aa -1| 
1 
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Then, the corresponding normalised eigenfunction @,(x) is given by 


(x) sin x as 
$2(x)= * | sin x (xiii) 
[o@Pa) at * sin? x dx 
Now, AW=]" 1). (draft. |Peosx dx =0 (xiv) 
and Aed=[f 16-4 0)de=[' |? sinede=2,|? (xv) 
0 0 T 1 


Case 1: Let A # A, and A # A, then Eq. (i) will possess unique solution 
given by 


AC) 


a= 


i ba)tA5 


HSA 5 - 


74% (x) 


Now, substituting the values of A), fi, @; and - - go, we get 


1/2 1/2 
ya)=1+04-— 5 —2{ 2) (2) sin x (since f, =0) 
ape 
1 
or y(x)=1- sane (xvi) 


Case 2: Let ay aoe Since f; # 0, so Eq. (i) possesses no solution. 
1 


[Note: f; = 0, and denominator of last term becomes zero.] 


Case 3: Let A= A, = 2/m. Since f, = 0, there exists infinitely many solutions 
given by 
— 


m 


y(x)= f(x)+ Ad, way 


m=1 


Q(X) (xvii) 


A 


where dash indicates that in the sum, the term corresponding to m = | is to 
be omitted. Thus Eq. (xvii) reduces to 


HOMO AKO HT *h 


1/2 1/2 1/2 
y(x)=14+A = cosx+ a 2 2 : z sin x 
1 2 2 \n 1 


tT TT 


74” (x) 
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sj 
y(x) =1+ccosx a= 


where, c= 


V2A . . 
is an arbitrary constant. 
Vx 
EXAMPLE 5.4: Using Hilbert-Schmidt method, solve 
1 
ya=xtA] K(x1)- yO dt 


x(t-l), O<x<t 


<x 
where, K(x,H= 
t(x -1), t<x<l 


Solution: The given equation is 


Oywee Al K(x, t)- y(t) dt (i) 


where = 


jane O<x<t Giy 


t(x-l), ¢tSx<l 


Comparing Eq. (i) with Eq. (5.27), we get 

fix) =x (ii) 
First, we begin with the determination of eigenvalues and the corresponding 
eigenfunctions of 


W=AJ K(x.0)- ya (iv) 


a yoy=al JK. ydt+f K(x.0) vioat| 
Now, from Eq. (ii), 
WA=AP 1-1 d+ Af x(t ~1)-y@dt (v) 


Recollect Leibnitz’s rule of differentiation under the sign of integration, 
which is Eq. (1.20). 


[Note the procedure when the kernel is defined in this manner] 


d p#@) H(x) OF dH ic 
ape Ftx,d)aé=[_ 5 dS + FL AS FL) 


yeo)= f° Sa (x-1).y(t)}dt+Ax(x - 1.90). (a)-4.0 (x -1) £0) 


+f 2 axe-1 y(t)}dt+Ax(1—-1).y) oy Anti) i) 
is : Ure . ; FF 
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or yaa]. Any @dt+Ax(x —1).y(x).1-0 
+f AG-1) yQat+0- Axe=DyQ)A 


i Vaj=f° Ary(at +f Mt—1).y(t)dt vi 


Again, differentiating Eq. (vi) with respect to x, we get 


yon], At vOldt+ Ax. yO) -()-A.0.1(0) 0) 


0 d d 
+f 120 -1).y() Jat+ad—- Don ae = NG). 


y"(x)=0+Ax.y(x)-0+04+0-A(x - 1). (x) 


or 
or y"(x)—A.y(x)=0 (vii) 
by Eq. (v) y(0) = 0 (Vili) 
and y(1) = 0 (ix) 


Equation (vii) with Eqs. (viii) and (ix) is Sturm—Liouville problem." 
[refer to {r(x).y'}'+{q(x) +A p(x)}y=0 asxsb 


satisfying kjy + ky’ = 0 at x =a and 1,y + Ly’ =0 at x = Dd] 
We consider the different cases depending upon A 


Case 1: Let A = 0, The solution of Eq. (vii) is 
y(x) = Ax + B (x) 
Using Eqs. (viii) and (ix), we get 
B=0, A+B=0 


=> Az=0=B, so for A = 0, the solution is y(x) = 0. 
Thus, A = 0 is not an eigenvalue and y(x) = 0 is not an eigenfunction. 


Case 2: Let A =u? (m # 0). Then, the solution of Eq. (vii) is 
y=Ae™ + Be: 
Using Eq. (viii) and (ix), we get 
A+B=0, Ae#¥+Be™"% =0 
giving A=O0=B. 


Thus y(x) = 0 is not eigenfunction. 


* Refer to Chapter 8 of Differential Equations with applications published by RBD.] 
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Case 3: Let A= uw (u # 0). Then, the solution of Eq. (vii) is 
y=A cosux + B sinux 
Using Eq. (viii) and (ix), we get 
0=AandO0=Acosu+B sin wu 
giving Bsin uw = 0. 
In order that y(x) = 0 may not be again a similar trivial solution, we take 
B # 0, then sin = 0 giving “= nz, nel* 
» A=—w’ =-n' x? 
Thus, the required eigenvalues A, are 
A,=—n’ x, n=1,2,3,... 
and 
y(x) = Bsinnrx 


Taking B = 1, we have the eigenfunction 
y, (x) =sinnzx, n= 1,2,3,... (xi) 


The normalised eigenfunction @¢,(x) is given by 


Vn (x) sin n7x 
g,, (x) = j a 1/2 = i 1/2 
J 0 {yn} ax | fi sin? nx ax 
on $,(x) = V2 -sin nx (xii) 
Now, fr= JC). (x)de; flo) = x [By Eq, (ii) 


ie | [eas a ee i 


nn 5 7° nt 
: 1 
fz V2 = COsnT 1 (==) 
nt nt nt Jo 
ay" 1 Sige) 
n= 2 ere 7 of! ye (xiii) 
nT n° nT 


Now, two cases arise, 


Case 1: Let 2 # A,, n = 1,2,3,... Le., A is not an eigenvalue. Then Eq. (i) 
will possess a unique solution, given by 
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Wx) = fo) ray" @, (x) 


aoa 


y(x) = xt+Aa ; V2 sin nx 


ni =n 1 _ 


(yo 1 
sar | 


2A (-1 " sin nx 
yx) = x+ 5! ) 5 
1 ra n(n 1 +A) 
Case 2: LetA =A, =-r’r, n = 1,2,3.... 
Then since from Eq. (xiii), f, ~ 0 for n = 1, 2,3,... 


Hence, Eq. (i) will possess no solution. 


(xiv) 


PRACTICE QUESTIONS WITH INTERMEDIATE RESULTS 
1. Solve the symmetric integral equation 


yx) = f(x) + Af’ K(x) _K(t).y(t)dt 


Here Ay =1/ JK ()}2d ,y@) = =O 
: J Koya 
= K(x) [By taking C/f {K(D}dt=1] 
so (x) = i ee 1/2 
| {K(x)}? ax | 


Ma 
f= [’ Fe. @ (x)dx =| [2 709-Kear]/| feo P 


Case 1: Let A # A,. Then, we have the unique solution given by 


yx) = mone 7 on) 


m=l*"m 
y(x) = fata TF re 9, (x) 
a [ F(x). aca K(x) 
-1 . 1 
[J Kcorac] - atl KQ)} “ac [Kear ar P 
i Kol" (O).KOd 
1- al. {K(x)}2 de 


yx) = f(x) + 


yx) = f(x) + 
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Case 2: Let A = A, and assume f(x) is not orthogonal to (x), i-e., 


b 
f=] f@).o@)dx 40, 
then we have no solution. 
Case 3: Let A = A, and f, = 0, then, we express the solution as 


y(x) = f(x) + Ad, (x), (A is arbitrary) 
=1 


ya) = f(x) +A Kool {K(x) Pde [ 
yx) = f(x) +e. K(x) 
-1 
where, c=A {2K (ji de li is a constant, though arbitrary. 


2. Determine the eigenvalues and the corresponding eigenfunction of the 
following equation 


9)=24 aj sin(x +0). y(f)dt 


Also, find the solution when / is not an eigenvalue. 


Hint: The given equation is 
Qn, ; 
yx) =x + Al, sin (x +) y(t) dt (i) 
We first determine the eigenvalues and eigenfunction for 
an, ; 
y(xy=A J, (sin x cost +cosx.sinf). y(t) dt 


y(x) = Ac, sinx + Ac, cosx 


20 an 
where, c= ik cost.y(t)dt and c, = Ip sin t.y (t)dt 


Clearly, y(t) = Ac, sint + Ac, cost 


and C,=ANc, > AN c,—c, =0 
1- A 1 = 
DAay=|, " |=0 4 =—,Ay = — 
An -1 1 1 
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1 
Determination of eigenfunction for A, =— 
1 


Taking A=A, = we get c; = Co so that 
1 


Chk ; 
V(x) = —| (sin x + cosx) =(sinx + cosx) 
1 


: Cy 
(By taking —=1) 
T 


.. The corresponding normalised eigenfunction @,(x) is given by 
1 


(x) = y,(x)/ i” O10} ax =(sin x + cosx)/J2n 


Determination of eigenfunction for A, = 


Taking A=A, = we get cy) = -Cy 
1 


so that y(x) = sinx — cosx, (by taking c)/a = 1) 
Thus, the corresponding normalised eigenfunction (x) is given by 


i 1/2 
6.0) =r00/| [." valde | = Ginx —cosxy/V3n 


Now, =|." FO0)-6, (aa = [OFS 4, -_oe 


0 J2n 
and f= J" FO). dy 0)ae= J" ee =-/2n 


In the question, it is given that A # A,, A; hence, Eq. (i) will possess 
unique solution, which is given by 


aS, 
Wo=xtd YFG tml) 
yoo) =x Ql A) , y b-b@) 


A,-A A, -A 
A(-V2x )(sin x +cosx)/V2a (-V2x)(sin x ~cosx)/V2a 
a) + et 


Ls 1g 
1 1 


y(x) =x+ 


2A? x? sin x 7 2An cosx 
l= A72 =e 
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3. Solve the symmetric integral equation 


pases Af K(x, f).y(t)dt 


sinh x.sinh (¢ —1) 


, 5 O<sx<t 
sinh 1 
where, K(x, =)4 . fad. Sh i 
sin a0 (x — ) eel 
sinh 1 


Hint: The given equation is 
1 
y(x)=e" +A] K(x,1)- (Ode 


sinh x.sinh (¢—1) 


- , OSxSt 
sinh | 
where, K(x,t)= hed minke 1 
sin ES (x- ) peeet 
sinh 1 
Here, fxn =e 


(i) 


[ii(a)] 


[ii(b)] 


First, we determine the eigenvalues and eigenfunction for the homogeneous 


integral equation 


i= Al KO, 1). y(t)dt 


x sinh¢ sinh(x —1) 


1 
os aaa _ y(tdt +A) 


or y(a)=A] 


Following Leibnitz’s rule, differentiating Eq. (iv), we get 


sinh x sinh(t— 1) 
sinh I 


x sinht cosh(x —1) A sinh x sinh (x —1) (x) 
(x)=A . Y(t)dt + 1 
GA), sinh | ve) sinh 
1 cosh x sinh(¢ —1) A sinh x. sinh (x — 1) 
+A . V(t)dt - 1 
aT ye) sinh | ye) 
Again differentiating, 
x sinhfsinh (x —1) A sinhx. cosh(x —1) 
"(x)=A) ———— y(t)dt + l 
VO ag — 0 sinh | 
1 sinh x —sinh(t-1 hx. sinh (x -1 
+a] sinh x om (t ) pat 2 sinh (x Jax). 
x sinh sinh 1 


(ili) 


y(t)dt (Vv) 
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Using Eq. (iv), it reduces to 


y"(x) = v(x) + ann [sinh x cosh (x — 1) — cosh x.sinh (x —1)] 
si 
or y"(x) = yx) + A.y@) > y"-U+A)y =0 (v) 
with y(O) = O [obtained by putting x = 0 in Eq. (iv)] (vi) 
and y(1) = 0 [obtained by putting x = 1 in Eq. (iv)] (vii) 


For the solution of Eq. (v), we consider the following three cases: 


Case 1: Let 1+A=0—>A=-—1, then by Eq. (v) y" = 0, giving y = Ax + B. 
Now, by Eq. (vi), B = O and by Eq. (vii), A + B = 0, which means both 
A=0,B=0, 

Therefore, y = 0. 

Thus it is not an eigenfunction, and correspondingly, A = —1 is not an 
eigenvalue. 


Case 2: Let A + 1 = y’(u # 0). Then, the general solution of Eq. (v) is 
y(x)= Ae +Be™. 
For A and B, we use Eq. (vi) and Eq. (vii) giving 
0=A+Band 0=4Ae"+Be"; 


and these equations provide A = 0 = B. 
Thus, y(x) = 0 is not eigenfunction and A = py’ — 1 is not an eigenvalue. 


Case 3: Let A+ l=- wu A (0). Then Eq. (v) has its general solution as 
yx) = A cos ux + B sin ux 
Using Eqs. (vi) and (vii), we get 
A=0, B sin u=0 
Clearly, B # O (otherwise we reach at the previous cases) 
Mann ,nel (an integer) 
14+4=-p? =-n'n? or A=-(1+°n’) 
and so, the required eigenvalues are A, = —(1+0n?),n =1,2,3 ,.... 
Now, taking B = 1, the eigenfunctions are 


y,(x) = sinnax, n= 1,2,3, ... 


The normalised eigenfunction @,(x) is given by 


.oo— 2 — =e = W2sinnax (viii) 


[fo.coPaeP fisin? nad 
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1 1 
Then, i, = i F(x) . o, (x)dx = if eo, (x) dx 
C= I, e. (v2 sin nnx) dx 


4/2 x . ! 
i= mile (sin nx — nT COs nx) | 
Sn =———~|-enn cosnn —(-nr 
l+n?x? z 
or j= nie =[1-e(- 1)" |, n=1,2,3 (ix) 
l+n°x? 


Here, we consider two situations: 
(a) Let A # A, (means A is not an eigenvalue). Then Eq. (i) will possess 
a unique solution given by 


(x)= f(x) +A (x) 
V(x) = f(x ang ao 


Wx) =e" tay, aaa L=e—1)"] ae 
n=l 


n{l — e(-1)" ]sinnax 
ry ee 
> Te “terre ilt+Atren| 


(b) Let A=A, =-l-n’n?, n=1,2,3 
Then, from Eq. (ix), f, # 0 for n = 1, 2, 3,... 
Hence, Eq. (i) will possess no solution. 


4. Using Hilbert-Schmidt theorem, solve the following symmetric integral 
equations: 


(a) Wa)=axtf (etl) pdt, At Ay Ay 


| Ans: a) =F | 


A + 104=12 


(b) p(x) =(1-xv3) + (-6 +4y3)[ + p)y(at 


[Ans : y(x) = (1 = x3) + C(I + V3)- (1 + =| C being an arbitrary constant.] 
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EXERCISE 5.1 


Using Hilbert-Schmidt theorem, solve the following symmetric integral 
equations: 


1. Wa)=F-24 fvo at 

2. Wxyax+Al) xs y(s)ds, 

2 2x4 af. ae 

4. y(x) =(1+xV3)- (6 +42) Ke +1)- (dt 
5. (x) =cosmx+Af K(x, §)- (Ed 


E(xt+l) O<x<sE 


where, Ha |er E<x<l 


Answers: 
1 oe 
. b@) = 5 —-x+e] 
3. fy) =x 4+ A201 - A) 
4. [y(x) = (14+ xV3) - (14+ 3x /2) + c(1— xv3)] 


+. 2% 6%, 
“~ ~ “~ 


4 CHAPTER 6 


Solution of Integral 
Equations of the Second Kind 
by Successive Approximation 


6.1 INTRODUCTION 


In the previous chapters of the book, the solution of the integral equations 
was mainly focused upon Fredholm integral equation. In this chapter the 
development is for Volterra integral equation also. Moreover, where the 
solution is not possible in closed form, successive approximate method is 
also discussed. Apart from the various theorems, the chapter includes three 
parts—(a) iterated kernels, (b) resolvent kernel, and (c) solution of integral 
equations by applying resolvent kernel. 


6.2 ITERATED KERNEL OR FUNCTION 


1. Let us consider the following Fredholm integral equation of the second 
kind: 


b 
yx) = f(x) + Af K(x,0)-y(Oat (6.1) 
Then, the iterated kernels K,(x,f),n = 1,2,3,..., are defined as follows: 
K, (x,t) = K(x,1) [6.2(a)] 
b 
and K,(x,t)= | K(x,z)-K,4@dz,  n=2,3.... 
: [6.2(b)] 
or K, (x,t) =| K,\(%2)K(z,)dz,  n=2,3,. 
2. Let the Volterra integral equation of the second kind be 
v(x) = fa) + AJ" K(x.) yar (6.3) 
Then, the iterated kernels K,(x,f),n = 1,2,3,..., are defined as follows: 
Ky (x,t) = K(x,f) [6.4(a)] 
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K,(x,1) =| K(x,2)-K, (z,t)dz, n=2,3,... 
and t 


. [6.4(b)] 
or K,(x,8) =| K,\(%2)K(z,)dz,  n=2,3,... 


6.3 RESOLVENT KERNEL OR RECIPROCAL KERNEL 


We consider the solution of Fredholm integral equation of the second kind. 


wa) = f(x) + Af Kt) y(Odt (65) 

and let it take the following form 
WO=fO)4 Af’ Rot A): f (tt [6.6(a)] 
or i= fONe ay’ T(x,t;A)-f (dt [6.6(b)] 


Here, R(x, t; A) or T(x, t; A) is known as resolvent kernel of Eq. (6.5). 
Analogously, we have the resolvent kernel for Volterra integral Eq. (6.3). 
We consider the following theorem without proof: 


Theorem: The m" iterated kernel K,,(x, f) satisfies the relation 
b 
Ky t=] KO) Ky ODay 


where, r is any positive integer less than m. 


6.4 SOLUTION OF FREDHOLM INTEGRAL EQUATION OF THE 
SECOND KIND BY SUCCESSIVE SUBSTITUTION 


Theorem: Let y(x)= f(x)+ afk (x,t): y(Adt (6.7) 


be the given Fredholm integral equation of the second kind. Let 


1. K(x, t) #0 be real and continuous in the rectangle R, for which a < x < b, 
a<ts<b. Also, assume |K(x, 1)| < M in R. 

2. f(x) # O be real and continuous in the interval J for which a < x < BD. 
Also, assume |f(x)| < N in J. 


3. A be a constant such that |A| < I/M(b — a). Then (6.5) has a unique 
solution in J and this solution is given by the absolutely and uniformly 
convergent series” 


b 2 b b 
y(x) = fa+ay K(x,t)f(Odt+A J K(x,t)-] K(t,t;)- f@dt,dt+... (6.8) 


* A convergent infinite series has a sum. But, if we differentiate (or integrate) its all the 
terms, then this sum may not be equal to the derivative (or integral) of sum. However, 
if the series is absolutely and uniformly convergent, then it is possible. To check this 
characteristics, we check if the modulus of the mth term is less than a definite quantity. 
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Figure. 6.1 Region R fora<n<bandast<b. 


Proof: Rewriting Eq. (6.7) as 


b 
yx) = fla) +A] Kt) VQ at, 
Now, replacing x by ¢ in Eq. (6.9), we have 


w= fO+Al Ket) y(t dey 
Substituting this y(t) in RLS. of Eq. (6.7), we get 
wx) = f(a) + Af Kf) FO +AY’ Kt) ay ja 
=F) * al. K(x,t)-f(dt +22 [ K(x.) K(tt,)-y(t,)dtyat 
Now, replacing , by f and t by 1; in Eq. (6.10), we have 


b 
W)=SG)+A) KOs) at, 
Substituting this value of y(t,;) in R.H.S. of Eq. (6.11), we get 


y(x) = f(x) + Af’ K(x.0) S(dt+ 
Vf K(x.) [Ken Fl) + Af K (ts) Wh) dt, jana 
b b b 
or (x)= f(x) + Ay K(x,t) -f (dt + vy K(x,t) J K (tt) f(y) dtydt 
+23 J K(x0) [xe 4) JK (yt) Ytp) dt, «dt, «dt 
Proceeding likewise, we have 


b 2 7? b 
v(x) = fle) +A] Ke) flOdt +H? | KOO] KGt) fq )dedt 


n b b 
$3 acct j K(x,t) ii K(f Ka: ta) fli4) db" 


HRs (x) 


(6.9) 


(6.10) 


(6.11) 


(6.12) 


(6.13) 


-dt,dt 


(6.14) 


b b b 
where, R,..1(x) =7°") K(x,t) | K(t4)--J K(t,15t,) V(t, at, dt,dt (6.15) 
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We now consider the following infinite series: 
b b b 
S(x)+af Ko fOdt+V [Kod] KG) f(q)-dydt+-- 6.16) 


Following the assumptions (1) and (2), each term of Eq. (6.16) is continuous 
in J; and it is thus obvious that Eq. (6.16) is also continuous, provided it 
converges uniformly in /. 

Let U,(x) represent the general term of Eq. (6.16), which we express as 


b b b 
U(x) =A"f K(x.) [K(f Ky 2st) Sp a)-Uy 1 ade (6.17) 
Taking its modulus, 
Fe b b b 
[UIA] KOO) Kt) | KGp25tn Spa) Mya at ae | 


Therefore, 
|U,,(x)|S|A|" N-M"(b—a)" [By the conditions of theorem] (6.18) 


And Eq. (6.15) converges only when 
|A|-M-(b-a)<1 
or |A|<1/M(b-a) (6.19) 


and it holds good due of condition 3. 

It thus means that if Eq. (6.7) has a continuous solution, it is given by 
Eq. (6.14). If y(x) is continuous in J, |y(x)| must have a maximum value, say 
Y. Thus, 

pal < Y (6.20) 
Now, from Eq. (6.15), 


n+l o 2 ? 
[Rae lA™ | KO] Kot] KCl) Gy) dt, dba | 


or | Rig (x) |S| x ae Vs Vien (b = ay 
Using condition 1 and Eq. (6.20) and now due to condition 3 
lim Ry 4(2)=0 


It thus means that function y(x) satisfying Eq. (6.14) is the continuous 
function given by Eq. (6.16) or Eq. (6.8). 


6.5 SOLUTION OF VOLTERRA INTEGRAL EQUATION OF THE 
SECOND KIND BY SUCCESSIVE SUBSTITUTIONS 


Theorem: Let (x)= f(x) +A] K(x,0)-yOde (6.21) 


be the Volterra integral equation of the second kind. Let 
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1. Kernal K(x, t) # 0 be real and continuous in rectangle R for which 
asxx<b,a<t<b. Also, assume 


K(x, |< Min R (6.22) 
2. f(x) # 0, be real and continuous in the interval J, for which 
asx <b. Also, assume |f(x)| < N in J (6.23) 


3. A be constant. Then Eq. (6.21) has a unique continuous solution is J and 
this solution is given by absolutely and uniformly convergent series 


V(X) = FO FAP Ke Nf Odi +A? [K(x]! Ky.) fq )dtydt +--+ (6.24) 
Proof: Equation (6.21) can be expressed as (let t = f) 

y(x) =f) + Af" Kt) We) dh (6.25) 
Now, replacing x by ¢ in Eq. (6.25), we get 

VO =SO+AY Kl) vq at (6.26) 
Substituting this value of y(t) in R.H.S. of Eq. (6.21), we obtain 


y(x) = f(x) + AJ Ke, t) {fo + al’ K(t,t,)- y(t,) dt, hat 


or y(x) = FO) +A] Koo) - f (dt +? [° K(x) [iK@n) -y(t,)dt, dt (6.27) 


Now, we find y(t) to put in Eq. (6.27), and for this, we replace ¢; by fy, and then, 
t by ¢, in Eq. (6.26), we get 


Vt) =f) +A] KG ty) We)dt, 


Substituting this y(t) in Eq. (6.27), we have 
V(x) = fle) + AJ K(x) fat 
+2" K(x] KO 1)| ft) +A) Ky ty) Mt)dt, Jen -dt 
or yx) = f(x) + al 'K (x,t) f(Odt +A? [Ke NI Kt, t,)-f (t,)dt, dt 


3f2 t ty 
+ [K(x,t)) K(t.4) | K(sb): ty)dt,dt dt (6.28) 


Proceeding similarly, we find 


YX) = FO) +A K(x) fOdt +2 PKL’ K (64) f(t) dt, dt 


Atiaae A" KG, Df Kit) eg RG 3 ta TGs ydi, 4 Chai FR, ge) 
(6.29) 
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where, 


Rye A™ PK (at) | Kt) [Ky ast) Wey) aly ad (6.30) 
We now consider the following infinite series: 


YX) + AP K(x,1)-f(Odt +2? [KC Nf Ke, t)f(t,)dt, + (31) 


Now, due to conditions (1) and (2), each term of Eq. (6.31) is continuous 
in J. It makes Eq. (6.31) also continuous in J, provided it converges uniformly 
in I. Let V,(x) be the general term of Eq. (6.31), given by 


V(x) =A" [Kf Kt) f° Ky astn a) Lp) dy a7 dtydt (6.32) 


Then, | V,(x)|S| A["-N-M" =O 
n!} 
[Here, we have applied conditions | and 2 over mod of Eq. (6.32)] 


(b—a)" 
ni” 


or |V(x)| <|A|"N-M" asx<b 


or [V.(x)|S|a)"-N-[M(b-a)]" In! (6.33) 


Now, from Eq. (6.32), it is clear that Eq. (6.31) is convergent for all A, N, 
M, (b — a); thus, from Eq. (6.33), it is followed that Eq. (6.31) is convergent 
obsolutely and uniformly. 

So, if Eq. (6.21) has a continuous solution, it must be expressed by 
Eq. (6.29). If y(x) is continuous in J, [y(x)| must have a maximum value, say Y. 


or ly(x)| < Y (6.34) 
n+l 
Now, from Eq. (6.30), | R,,,(x)| < jar yy Gra 
7 (n+1)! 
we Ct) ae 
|Rivix)|S{A™ YM (nth! Vasx<b 
Hence, 1 R(x) =0 


It thus follows that function y(x) satisfying Eq. (6.29) is the continuous 
function given by Eq. (6.24) or Eq. (6.31). It thus proves the theorem. 


6.6 SOLUTION OF FREDHOLM INTEGRAL EQUATION OF 
THE SECOND KIND BY SUCCESSIVE APPROXIMATIONS: 
ITERATIVE METHOD (ITERATIVE SCHEME) NEUMANN SERIES 


We consider the following Fredholm integral equation of the second kind: 


v(x) = fx) + Af” K(x, Od (6.35) 
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For the required solution y(x), we begin with zero order approximation. 
So, let 
Yo(x) = fx) (6.36) 


Now, if y,(x) and y,_;(x) represent the n and (n — 1)" order approximations 
respectively, then these are connected by 


b 
yx) =f@)t Al K(x0-y, Ode (6.37) 
Further, the iterated kernels are given by 
Ky (x, t) = K(x, t) [6.38(a)] 
b 
and K,(x,t)= | K(x,z)-K, (dz, 0 =2,3,4..  ---[6.38(b)] 


Let n = | in Eq. (6.37). The first order appoximation is given by 

v(x) = fx) + Af. K(x, Dyo (dt (6.39) 
Now, since yo(t) = f(t) by [using Eq. (6.36), we have [by Eq. (6.39)] 

yy(x) = f(x)+ Af K(x. (tat (6.40) 
Let n = 2 in Eq. (6.37). The second order approximation y (x) is 


vol) = fa) + Af K (xt) 9 (dt 


yl) = fla) +A’ K(x,2) 94 (2a (6.41) 


Now, substituting y,(z) from Eq. (6.40) by replacing x by z, we get 
b b 
yo(x) = flat Af K(2)| f+ AJ Ket). fda | dz 


b 20 b 
or Yo) =f) + AY Kz) f@dz +07] K(x,2)] KEO- fOdtdz (6.42) 


(also replacing z by ¢ in the second term) 
Now, interchanging the order of integration (in the last term), we have 


yr(x) = fla) +A] K(xst)- float +2 J” fO- | [x02 -K(z, ide | 


Now, using Eqs. [6.38(a)] and [(6.38(b)] in the second and third term, 
respectively, we obtain 


b 2b 
(x)= SQ) +A] Kya) fd +27] Ky (x,t) fat 


2 
or yolx) = fla) + YA" JK, (st): flOdt (6.43) 


m=1 


Solution of Integral Equations of the Second Kind by Successive Approximation 91 


Proceeding similarly, we generalise it and write 


yy) = LO) + LAP Kyles Mat (6.44) 


m=1 


Now, upon taking the limit n + o, we find the Neumann series 


v0) = Ey) =£O)+ YA" K (x fOde 6.45) 
m=1 


Resolvent Kernal (or Reciprocal Kernel) 


To determine R(x, ¢; A) in terms of iterated kernel K,,(x, 1), we change the 
order of integration and summation in Eq. (6.45), and obtain 


M(x) = f(x) + if x yes ae oo] f (t)dt (6.46) 
m=1 
Comparing Eq. (6.46) with 
Wo) = fO)+ Af” ROA) Od (6.47) 
we have RAS y A"'K, (x0) (6.48) 
m=1 


6.7 RESOLVENT KERNEL OF A FREDHOLM INTEGRAL EQUATION 


Theorem: Let R(x, t; A) be the resolvent kernel of the following Fredholm 
integral equation 


y(x) = f(x) + Af’ K(w.Ny(Oat (6.49) 
Then 


R(x,t;A) = K(x,t) + AS’ K(x.2) -R(z,t; A)dz (6.50) 
Proof: We know (by Eq. (6.48) that 


R= Ya a) 


m=1 
where the iterated kernels are 
K, (4,0) = K(x,1) [6.5 1(a)] 
b 
and K,,(x,t) =| K(x.2)K, 40d,  m=2,3,... [6.51(b)] 


Then, Eq (6.48) can be expressed as 


R(x, 6,4) = K(x, + ¥ A" TK, (0) 


m=2 


92 Integral Equations 


Putting values in R.H.S. using Eq. [6.51(a)] for K,(@, f) and [6.51(b)] for 
K,,(x, 0), we get 


R(x,t; A) = K(x, + x A" [?K(x,2)-K (z,t) dz 


m=2 


m-1 
Setting n for m — 1, 


R(x,t; A) = K(x, ft) + > a" [KQ.2)K, (z,t)dz 
n=1 


RGA) = K(x) + AYA" K(x,2)- Ky (z,dz 


m=1 
[Replacing n by m] 
Now, interchanging the signs of summation and integration 


Rak D=K GD + if} ya" K, (2, 0 K(xz)de 


m=1 


Using Eq. (6.48) in the integrnal part, 
b 
R(x.) = K(x.) +A] [REGA)] K(x,2) dz 


or K(x,64) = K(x,0) +A] K(x,2)-REGA) de 


6.8 ILLUSTRATIONS BASED ON THE SOLUTION OF FREDHOLM 
INTEGRAL EQUATION BY SUCCESSIVE APPROXIMATIONS 
(ITERATIVE METHOD) 


The procedure shall be in three stages. First we shall learn to find iterated 
kernel, i.e., K,,(x, t) from the given kernel K(x, ft), refer Eq. (6.51). In the 
second stage, we shall find resolvent kernel R(x, t; A), and in the third stage, 
we shall solve Eq. (6.52) through R(x, ft; A). 


Type 1. Determination of iterated kernel 
We will find the iterated kernel for 


Wx) = f(a) + Af K(x): y(Odt (6.52) 


EXAMPLE 6.1: Find the iterated kernel for following kernels: 
(a) K(x,t) =sin(x —21),0<x<27,0<t<2z 
(b) K(x,t) =e" cost,0<x<2,0<t<a 
(c) K(x,)=x+sint, -mSx<n,-W<t<ax 
(d) K(x,)=x-t, OS x<1, OStsl 
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Solution: (a) Iterated kernel K,,(x,t) may be represented as [using Eq. (6.2)] 


K, (x, 2) = K(x,t) (i) 
b ss 
and K (x,t) = J KG@z)K,¢2t)dz, W=23 50 (ii) 
Here, a=0,b=27. 
So, K, (x,t) = K(x,8) = sin(x — 2r) (iii) 


Let n = 2 in Eq. (ii), we have 
20 
K(x, = J, K(x,z):K, (2,t) dz 
Using Eq. (iii) 
2 
K,(x,)= |, ” sin (x —2z): sin(z — 2) dz 
1 p2x 
K>(x,t) = au [cos(x + 2 —3z) — cos(x —2t —z)]dz 
20 


1} 1 
K, (x,t) = 3] — sinc + 2t¢—3z)+sin(x —2t— 2| 
0 


So, K, (x,t) =0 (iv) 
Let n = 3 in Eq. (ii). Then, we have 


K,(x,t) = ["K@.2) .K,(z,t)dz=0 [due to Eq. (iv)] 


Thus, K\(x,t) = sin(x — 2f) 
and K, (x,t) = 0, n = 2,3, ... 
(b) Here, with K(x, t) = e* cost a = 0, b = w using Eq. (i), 
K,(x,t) = K(x,t) =e" cost (v) 


and using Eq. (ii) for n = 2, 
Ky (x,t) = J K@2) -K,(z,t)dz 
for K,(z,t), we use Eq. (v). 


T 
K,(x,t) = J, e" cosz-e* cost dz 


u 
=e’ cost. J, e’- cosz dz 


T 


‘ e 
=e" cost) ~—5[cosz + sinz] 
1° +1 


1+e” 


or K, (x,t) =(-D)! (e* -cost) (vi) 
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Now, for K;3(x,f), again using Eq. (ii) for n = 3, we get 
K3(x,0) =| °K(x2) K, (z,t)dz 
Again, using Eqs. (v) and (vi) 


,1+e” 
2 


K3(x,t) = is e cose (-D Tod cost dz 


l+e” , ™ 
=- 5 -e* cost: | e* coszdz 


T T 
ED Ay: (-1)' I+e 
2 2 


2 
1 
or K3(x,t) =(-1) ! = -e* cost (vii) 


Looking the form of Eqs. (v), (vi) and (vii), we write 


n-1 
ifi+e 
Koo=cnn |e] e*-cost;  n=1,2,3,.. 


(c) Here, with kernel K(x,f) = x + sint, we have a = —7 and b= 7. 
Now, using Eq. (i), 
K,(x,t) = K(x,t) = (x + sing) . (Vili) 
For n = 2, Eq. (ii) gives 


K,(x,t) = [i K@.2)-K, (z,t)dz 


or Ky (x,t) =" (x +sinz)(z +sin1) dz 
—t 


T x , ‘ 7 1 7 
K, (x,t) = x] /zdz + sint| sinzdz+x sint] dz +f? sin z dz 


K (x,t) =x-0 +sint-0 + xsint(z)", +[z-(—cosz)]", -f" 1-(—cosz) dz 
—-t 
K, (x,t) =xsint-(27) +27 =27(1+xsint) (ix) 
Next, for K3(x,2), let n = 3 in Eq. (ii), using the previous results, 
7 Tw - Fe 
K,(x,t) = J K@2) -K,(z,t)dz = [@ +sinz)(2a(1+zsint)}dz 
K,(x,t) =42°(x + sint) (x) 
Further, for K4(x,2), let n = 4 in Eq. (ii) and using the previons results, 


K, (x,t) = [i K@2)-K (z,t)dz 
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K,(x,0) = (. (x + sinz)-{4n?(z + sint)}dz 


K,(x,t) = 42? -2n(1+ xsint) (xi) 
or K,(x,t)=4n? - K,(x,f) (xii) 
Similarly, K,(x,t) = 42? K;(x,t) = 162°K, (x1) (xiii) 
K,(x,t)=4? K,(x,t) =162°K, (x,t) (xiv) 
In general, 
If n=2m-1,Ky,__\(%t)=(2ny" *(x+sinf),m = 1, 2, 3... 


n= 2m, Ky, (x,t)=(2n)" ‘(1+ xsint),m = 1, 2, 3, ... 
(d) Here, we have K(x,t) =x -t,a=0 and b= 1. 


Applying Eq. (i), 
K,\@O0=K,)=x-t (xv) 


and by Eq. (ii) for n = 2, 
1 
K, (x,t) = ie K(x,2)-K, (z,t)dz 


or K,(x,t)= I, @=2)¢-)e [By Eq. (xv)] 
Ky(x) == oa (xvi) 


Next, for n = 3, by Eq. (ii), 
1 
Ky (x,t) = J, K(a,2) Ky (@,t)dz 


Using Eqs. (xv) and (xvi), we have 


K,(x,0) =i (x —z) Be ~ha ata 


After simplification, 
(x-t) 


1 
K,(x%,D= ae ae 6 = rs (x,t) (xvii) 


Further for n = 4, by Eq. (ii), 
1 
K,(x,t) = lk K(x,z)-Ky(z,t)dz 


which upon using Eqs. (xv) and (xvii) becomes 


K,(x.t)= J 2p |-E=9) ze 
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Upon solving, 
Kyo) = S(t) = Sa (xviii) 


Proceeding similarly, we find 


1 iy 
K.(x,t) =p ae) = (=) K, (x,t) 


2 
1 -l 
and Ko) =-E Ko. =(S) K, (x,t) 
Generalising, if n = 2m — 1, then 
(eve 


m— = x—-t FI m= 1,2.3:.. 
2m-1 12”! ( ) 


and if n = 2m, then 


(D1 (x+t 1 
2m =m (9 7g pom = 123... 


Type 2. Determination of resolvent kernel (or reciprocal kernal) R(x, t; A) 


Using Eq. (6.48), the corresponding kernel for Neumann series is given by 


RatA)= ARG) (6.53) 
m=1 


The procedure can be followed by the example given hereunder. 


EXAMPLE 6.2: Determine the resolvent kernel for the Fredholm integral 
equation having kernels: 


(a) K(x,t) =e", a=0,b= 1 
(b) K(x,t) =(1 +00 -1);a=0,b=1 
Solution: (a) For K(x,t) = e“*’, a = 0, b = 1, [using Eq. (6.2)] 


KGUh=Kapjse" (i) 
and K,(2)= I, K(x,z)-K,,_\(2,t)dz (ii) 
Let m = 2, So, K,(x,)= [, K@.2)-K\(e.0d2 
K,(x,1) = I, et edz = e**(e? —1)/2 (iii) 
Let m = 3, So, K3(x,H = [, K.2) Ky (2,0dz 


1 uf el 2 ai) , 
K3(x,t) =| er et ate dz=e*" et (iv) 
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An observation over Eqs. (iii) and (iv) leads to 
m-1 


2 
bGgse | . metas (v) 
m 2 2 
Thus, the required resolvent kernel R(x,t;A) given by Eq. (6.48) is, 


a = 2 = m-1| 
RGGA= YAK = ae a [Using Eq. (v)] 


m=1 m=1 


m-1 
at wea{ Ae? -1 
R(x,t;A) =e*™. _ con (vi) 
m=1 
= (yea)! -. ae =t). (ae? =) 
We find ey piled sam =|4+ a +... 
a 2 2 2 
(e* -1) 
As it is an infinite geometric series with the common ratio — oh 


m-1 
Sla(e?-D{ 1 _ 2 . 
- | 2 | (| Me =) 2-AE =) wy 


m=1 
2 
2 
Provided we) <1l>|A|<> (viii) 
ee 
Finally, using Eq. (vii) in Eq. (vi), the required resolvent kernel is 
R(x,t;A)=e*" 2 , provided Eq. (viii) is satisfied. 
2-A(e? -1) 
(b) Using Eq. (6.2), for K(x,t)=(1+x)U-1),a=0,b=1, 
we have K, (4,0 =K(x,) =(0+x)l-2) (ix) 
1 
and K,, (x,t) = J, K(x,Z):Ky_(Z,t)dz 
1 
Let m = 2, So, K,(x,t) = i K(x,2):K,(z,t)dz 
1 
K, (x, = J, (+x) -—z):(1+z)0 -d)dz 
1 2 2 
or =(1+x)(1-4f (1-2 Neem ead) (x) 


Now, let m = 3, So, 
1 
Ky(x,1) = J, K(x,z) -K5(z,t)dz 


Kane) = fd +anl—2-2+20-pae-(2) +a i 
at) = Jd +x = 2) 50 +2) Ode =| 2] (+=) (xi) 
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Observing Eq. (x) and (xi), we express 
m-1 
2 ‘ 
K,, (x,t) = (=) (1+x)(1—1) (xii) 


Now, the resolvent kernel is given by Eq. (6.48), which is [by Eq. (x11)] 


co oo m-1 
REDS A = a (2) (l+x)(1- | 
m=1 


m=1 
co m-1 
R(x,GA)= (1+ l-)Y (24) (xiii) 
m=1 
co m-1 2 
We find that > (4) -14244(2) ee 
are ae. 3 3 


: : ‘ e a 2A : 
is an infinite G.P.. with common ratio a Hence, this sum 


<1 or [AS (xiv) 


oe m-1 2 
> 2A = 1 = 3 , provided pA 
3 124 3-2a 3 


m=1 
3 
Summing up, the required resolvent kernel using Eqs. (xiii) and (xiv) is 


3(1+x)(l—2) 


R(x,t;A) = Soh 


, provided | A Kk; (xv) 


Type 3: Solution of Fredholm integral equation with the help of resolvent kernel 
Let 
b 
y(x) = f(x) + Ay K(x,t)-y(t)dt (6.54) 


be given Fredholm integral equation. 
Let K,,(x,t) be the m iterated kernel and let R(x,t;A) be the resolvent 
kernel for Eq. (6.54), which is given by [refer to Eq. (6.48)] 


R(x,t;A) = 3 y hs ae oe (6.55) 


m=1 


Now, if the sum of the infinite series [Eq. (6.55) exists, i.e., R(x,t;A) can be 
obtained in closed form (as found in Example 6.2), then the required solution 
of Eq. (6.54) is given by 


w(x) = f(x) + AY’ ROA) Sat (6.56) 


2 a : 
* For G.P. atartar +...0,S$ = ar, provided |7|<1. 
-r 
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EXAMPLE 6.3: Solve the integral equation 
5x ll 
yo) =—+ ar xt-y(t)dt 
by the method of successive approximation. 
Solution: The given equation is 
5x lf! 
vas +5 Jet vod 
Comparing Eq. (i) with Eq. (6.54), we have 
1 
fa) =" ,A=5,K(3,1)= 1t,0=0,b=1 


The iterated kernel K,,,(x,f) is given by Eq. (6.2), and we have 
K,(x,0) = K(x,f) = xt 


1 
and K,, (x,t) = i K(x,2):-K,,_(2,t)dz 
1 1 
Let m = 2. so, K,(%,0 = i (xz)(zt)dz = rl 
2 
For m = 3 K,(x n= froa( Fer Jae-(5) xt 
ee ee O: 3 


m-1 


Thus, we have Kyo =(5] xt, m= 1, 2, 3.. 
Now, by Eq. (6.48), the resolvent kernel is given by 
R(x,6A) = YA", (2,0) 


m=1 


m-1 
1 
In our case, for A a and k,,,(x,0) -(3) xt, we have 


oe ae | m-1 1 m-1 = 1 m-1 
noon SU (S ea8l 


m=1 m=l 
R(w,tA) = xt eae = x( : )-= 
6 6 1-1/6 5 


Finally, the required solution of Eq. (i) is given by Eq. (6.56) as 
1 
yx) = f(X)+ AJ ROQGA)- fat 


is the present case, substituting the value, we obtain 


ya SE 41 f Oat Sty 

i tL ee 
1 

eer 


(ii) 


(iii) 
(iv) 


(v) 
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EXAMPLE 6.4: By iterative method, solve 

v(x) =1+ Af" sin(e +0): y(t) de 
Solution: The given equations is 

yx) =14 AJ" sin(x +t)-y(t)dt (i) 
Comparing Eq. (i) with Eq. (6.54), we have 

f(x) =1A=A,K(x,t) =sin(x +2) 

The m" iterated kernel K,,(x,t) following Eq. (6.2) is given by 

K,(x,0) = K(x,f) = sin(x +¢) (ii) 

Tu 

Ky (x,t) =] K(@2)-Ky1@ 02 
Let m = 2. So, K,(x,0) = J" K(x,2)-Ky(z,0dz 
In the present case, 


K,(x,1) = i sin(x + z)-sin(z + t)dz 


K,(x,0) = 5 [feos —t)—cos(2z +x +0)]dz 
or 
Tw 


1 1 
K,(x,t) =| zcos(x — ft) -—sin(2z +x +2) 
2 2 F 
1 1. 1. t a2 
K, (x,t) ==| @cos(x —t)— =sin(x +4) + =sin(x +t) | = —cos(x —-f) (iii) 
2 2 2 2 
Now, let m = 3, So, 
K;(x,1) = J. K@.2): K,(z,t)dz 
Putting for K(x,z), and K(x, f) 


m, 1 
K3(x,t) = ii sin(x + ay Oe —t)dz 


2 

which simplifies to K,(x,f) = (=) sin(x +f) (iv) 
1\ 

By m = 4, Kynt)=(4] cos(x —f) 


4 
and by m = 5, K(o)=(2] - sin(x +f) (v) 
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Now, looking at Eq. (ii) to (v), the symmetry is among odd and even m, and 
we express the resolvent kernel R(x,t;A) by 


RGEA)= YAP, a0) 


m=1 
R(%,6A)= Ky (2,0) + AKy (x1) +V7K3(x.0) , 
R(x, 1; A) = {K,(x,1) + 47K, (x,t) + 4K, (x, +--+} 
+A {Ky (x,t) + 7K, (x,t) + A°K (x,t) +--} 


2 4 
Resa) =siner+o ft (2) a 
2 2 
+—- cos(x —f).;1+}| —] +]—]| +-:: 
2 a 2 


Any 
R(x, 6A) = sins +ft)+ MM sate - a| ——— , provided (=) <1 
2 1-(An/2) 2 
2 : ; 
R(x,t;A) = rae VP sin(x +t)+Amcos(x —ft)] (vi) 
Finally, the required solution is given by [refer to Eq. (6.56)] 
y(x)= SO) +A ROA fOdt 


2A 


7 . 
ree [2sin(x +t) + Am cos(x — t)|dt 


y(x)=14+ 


y(x)=14+ it 6 cosx + Asin x),| A | ae [After simplification] 
4-177" m 


EXERCISE 6.1 


L yayaxt [yd 


1 If 
2. =e -£4=4=[ wnat 
Wx) =e 5 Peta, 


3. (x) =x+AJ xt-y(Qat 


1 px/2 
4. =sinx -~+— ; 
w(x) =sinx A + Fi J, xt- y(t) dt 


5. yay=f+af e™ -wodi 
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io ty t.tA 
6. w= 6 = 5 +5]¢ Od 
t, soyeis aya ~3xt) -y(t) dt 


Answers: 


1 

_ xt— 

4 
.e 


1 
2 
3. (3x)/(-A),| A|<3 
4 
5 


. sin x. 


A pint 
- f@+ he f(t)dt,|A|<1 


1 
6. 3 ox ee eee | 
2 2 3 
4+2A(2-3 
a xX |< 2 

4-A 
Type 4: Solution of Fredholm integral equation when the resolvent kernel 
cannot be obtained in closed form 


In the case when the infinite series occuring in the formulae of the resolvent 
kernel cannot be determined, we use the method of successive approximations 
to find the solution upto the third order. 

Let the given Fredholm integral equation of the second kind be 


b 
y(x) = f(x) +A] K(x,0)- Ode (6.57) 
First, we take zero order approximation as 
Yo(x) = f(x) (6.58) 
Now, if the n' order approximation is denoted by y,(x), we express 
b 
¥, (x) = f(x) + Ay K(x,0)-y,_,Qdt (6.59) 


Then, with the help of Eqs. (6.58) and (6.59), we find y,(x), yo(x) and y3(x). 


Note: In case zero order approximation is provided with the problem, we 
modify our results, i.e., Eqs. (6.58) and (6.59). 


EXAMPLE 6.5: Solve the inhomogeneous Fredholm integral equation of 
the second kind 


aoe af. (x +2)-y(Odt 


by the method of successive approximations to the third order by taking 
yo(x) = 1. 
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Solution: 


The given equation is 


1 : 
yx) = 2x + Al, (x +¢)-y(t)dt (i) 
The zero-order approximation is 
yo(x) = 1 (ii) 
If y,(x) is n order approximation, then we apply Eq. (6.59), by which 
1 ee 
y, (x) =2x + Al (x +1) y,_(Odt (iii) 
1 ‘ i 
Leta = 1; v(x) = 2x +A] (x +0): dt [using Eq. (ii)] 
1 
or yo=2x+a(x+3) 


Next, let n = 2. Then, by Eq. (iii), 


yo(x) = 24a] (x40) -y (Oat 
yo (x) = 2x +A) (x + {2 + afi | dt ; [By Eq. (iv)] 


2 7 
or V>(x)=2x+A [x + =| oy a (x + 3) , [After simplification] (v) 
Next, let n = 3. Then, by Eq. (iii), 


y3(x) =2x+Af (+2) -yy(t)dt 
soap 


or yyaaera [x42 }+a2( 42) eas 42) (vi) 


EXERCISES 6.2 


l. y(x)=14+ Af +1) -y(t)dt 


Answer: 


I. yapatta{ert}ea?(x+ tea’ BE +2) 
2 12 [2 8 
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6.9 RECIPROCAL FUNCTIONS 
The iterated kernel K,,(x,f), n = 1,2,3, ... is given by 


K,(x,t) =K(x,0) [6.60(a)] 
an K, (x,t) =] K(x,2)-K,4(@0)dz [6.60(b)] 
Now, let ~K(x,t) = K, (x,t) + Ky(x,t) to + K,(x,0) + (6.61) 


Here, K(x, t) is real and continuous in a rectangle R, for whicha <x <b 
asts<b. Let K(x,t) #0 and let M be the maximum value of |K(x,f)| in R, 
meaning by |K(x,f| < M in R. Then, if M(b — a) < 1, it is found that the 
infinite series Eq. (6.61), for k(x, f) is absolutely and uniformly convergent. 
Hence, k(x,f) is real and continuous in R. 

Now, (after going through Chapter 5), we know that 


K pug st) = | Kp(x.2)-Ky(z.0d2 (6.62) 
Then, Eq. (6.61) can be expressed as 
—k(x,t) —K,(x,0) = Ky(%,t)+ K(x, +++ K, (0+ 
For K,(x,t), we use Eq. [6.60(a)] and express this as [using Eq. (6.62)] 
—k(x,t) —K(x,t) = Ky (x,t) + Ky(x,) +--+ K, (OD +° (6.63) 


: [x (x,z).K,(z,t)dz + [x (x,2)-K,(2,t)dz ++ 


= [x (x,z)[K,(z,t)+K,(z,t) +-Jaz 
which upon using Eqs. [6.60(a)] and (6.61), becomes 
“hihi KaD= -f’ KeDseie (6.64) 
Again, using Eq. (6.62), Eq. (6.63) may be expressed as 


aed =KGj= [x (x,z).K,(z,t)dz + ['x (x,z).K,(2,t)dz +. 


z [xm (x,2) + Kp (x,2) +] Ky(2,0)d2 
which upon using Eqs. [6.60(a)] and (6.61), becomes 
—k(x,t) — K(x,t)=- i k(x.z)-K(z,0)dz (6.65) 
Now, from Eqs. (6.64) and (6.65), we have 
k(x,t) + K(x,t) = ii K(x,z)-K(z,t)dz [6.66(a)] 


and k(x,t) + K(x,t) = J k(x,2)-K(z, t)dz [6.66(b)] 
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Two functions K(x,f) and k(x,t) are said to be reciprocal if they both are 
real and continuous in R and satisfy the conditions given in Eq. [6.66(a)] or 
Eq. [6.66(b)]. 


Theorem: If K(x,f) is real and continuous in R, there exists a reciprocal 
function k(x,f) given by 

—k(x,1) = Ky (x, + K, (x, ++-°+K, (4,0) (6.67) 
where K,(x,t), K(x, t),... are iterated functions (or kernels), provided that 


M(b — a) < 1, where M is the maximum value of |K(x,4| in R for which 
asxsbast<b. 


(Proof of this theorem has already been covered under section 6.9) 


6.10 ANOTHER APPROACH TO SOLVE FREDHOLM INTEGRAL 
EQUATION OF THE SECOND KIND (VOLTERRA SOLUTION) 


Therem: Let the Fredholm integral equation’ be 


Now, if y= rs [?K@.0- y(tat (6.68) 


1. K(x,f) is real and continuous in R, for which a <x <b, andas<t<b, 
K(x,t) #0; 

2. f(x) is real and continuous in J (a < x < b) and f(x) ¥ 0; 

3. a function k(x,t) reciprocal to K(x,t) exists; 


then the integral equation, i.e., Eq. (6.68) has a unique continuous solution 
in J given by 


vO) = f0)= J Cat) fade (6.69) 


Proof: Let the variable of integration be z in place of f in Eq. (6.68). 
Then, replacing x by ¢, we have 


WO) = fl) + J’ K(G2)-W@)dz (6.70) 


Multiplying both sides by k(x,f) and then integrating with respect to t (a < t < b), 
we have 


b b b b 
J kx.0.v@dr =f kox.0- fdr + | Kao] K(t,z): v(e)de ha 
In the last integral interchanging the order of integration, we get 
b b b b 
J ken y@adt = [kx fOdt + | ey] k(x,t)-K(t2)dth de (6.71) 
Now, since k(x,t) and K(x,f) are reciprocal functions, we have [by (6.66)b] 


[’ MARC Dash DARED (6.72) 


* Note that here, A is merged with K(x,?). 
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Using Eq. (6.72) in Eq. (6.71), we get 
[eet y(Ode = [? kx) Fat + J? y@)k(x,2) + K(x,2) dz 


b b b b 
or, i k(x,z):y(z)dz = J. k(x,t)- f (Odt + ih k(x,z)-y(z)dz +f K(x,z)-y(z)dz 


oe 0= kad fd + J’ K(x) yal (6.73) 
Now, from (6.69), 

[?K(.0-vdt = ye) - F) (6.74) 
Using Eq. (6.74), Eq. (6.72) can be written as 

vx) = fa) = J (a) fle (6.15) 


It means that if Eq. (6.68) has a continuous solution, then it is given by 
Eq. (6.75), and it is unique also. 


EXAMPLE 6.6: Solve y(x)= f(x)+ sf, e*'.y(t)dt using Volterra method. 


Solution: The given equation is 
cee, 
wa)=foytsfe wnat (i) 
Comparing Eq. (i) with Eq. (6.68), we have 
1 
K(x,1) = ao (il) 


Let k(x, t) be reciprocal kernel of K(x, 1). Then, if K,(x,1), K>(x,0),... are iterated 
functions, then by Eq. (6.67), 

—k(x,t) = K,(x,t)+ Ky(x,f)+--: (iii) 
And these iterated kernels are defined by Eq. (6.2), presently 


1 : 
K,(x,t) = K(x,t) = rie (iv) 
\ 
and K, (x,t) = | K@2)-K,a@ dz, n = 2,3... (v) 
l 
For n = 2, Ky(x,t) = | K(x,2)-Ky(z,0)dz 
ee oe — . 
K(x.) = J, 5e"* Se sla Oo : (vi) 
1 
For n = 3 K;(x,t) = J, K@2) -K,(z,t)dz 
WL ee de ge 1 . 
K,@,)= n° “ae de = ze : (vii) 
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Looking at Eq. (v), (vi) and (vii), we can express 


K Gee, n = 1,2,3.... (viii) 
n 3" 
Substituting the values of K,(x,f), K>(x,f),... in Eq. (iii), we have 
1 1 1 1 1 
—k(x,t) =(e**)| —+—4+—4--- | =—.e*7* -—__ = e** 
(x1) =( i+3 3 \33 = 
2 
So, k(x,t) = -—e* (ix) 


Now, by Eq. (6.75), the solution of Eq. (i) is given by 


1 
y(x) = fx) + foe sat (x) 
and this is the required solution. 


Note: The practice questions given in Exercise 6.1 can also be solved by 
Volterra method. 


6.11 SOLUTION OF VOLTERRA INTEGRAL EQUATION OF 
THE SECOND KIND BY SUCCESSIVE APPROXIMATIONS: 
ITERATIVE METHOD (NEUMANN SERIES) 


Let us consider the following Volterra integral equation of the second kind: 
v(x) = f(x) + AP K(x.) vO dt (6.76) 


and let the zero order approximation for the required solution y(x) be 


yo(x) = f(x) (6.77) 
Further, let y,(x) and y,_,(x) be mth and (n — 1)th order approximations and 
these are connected by 


yx) =f) +A] KD -y, Ode (6.78) 

We also define [refer to Eqs. [6.4(a)] and [6.4(b)] the iterated kernels as 
K, (4,0) = K(x,1) [(6.79(a)] 
and K, (x,t) = J K@2): K,_\(z,t)dz [6.79(b)] 


Now, by Eq. (6.78), for n = 1, 
WO) =f) +A] K(x, t) yp (Ode 


yx) = FQ) +A] Koo) _f(tdt [using Eq. (6.77)] (6.80) 
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or y,(z) = f(z) +Af Ke) -f(Hdt [Replacing x by z] (6.81) 
Again, by Eq. (6.78), for n = 2, 

yo(x) = fle) + AJ K(x0) -y, (Ode 
or yn (x) = f(x) +AfK(x2) -y,(z)dz [By replacing ft by z] (6.82) 
Now, substituting y,(z) from Eq. (6.81), Eq. (6.82) becomes 


yy(x) = f(x) + af K(2)| fE)+al KE. fbdt la 


or (x)= f(e) + Af K(x2). fd +27" K(x2)| f° K(,0). fot la 

(6.83) 
We now change the order of integration. Figure [6.2(a)] shows the last double 
integral of Eq. (6.83). For changing the order, we refer Figure [6.2(b)] for the 
same area of integration. 


Figure 6.2 Supporting diagrams for change of order of integration. 


or, y5(x) = f(x) + ay’ K(x,z).f(2)dz + vy fo] [ Kes2)-Ke, tdz |e 


(6.84) 
Now, by [6.79(b) for n = 2, 


K,(x,t) = J Ke.2)-K, (z,0)dz = | K@2-Ke t)dz [Using (6.79(a)] 


Now, using this result of K>(x,f) in R.H.S. of Eq. (6.84) for double integral 
part, we have [replacing z by ¢ in the second integral, along with Eq. [6.79(a)] 


yy(x) = f(x) + af’ K(x,t). f(Odt + W I f(t).Ky(x,0dt 


2 x 
or yo(x) =f) + YA" YK). f Oat (6.85) 


m=1 


Proceeding similarly, we can express Eq. (6.85) as 
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YX) = f+ YA] Kod). Oat (6.86) 


m=1 


Now, taking the limit n — -, we get the Neumann Series. 


V(X) =e Mn) =L)+ YA" K, 0). f Ode (6.87) 
m=1 
We now determine the resolvent kernel R(x,t;A) in terms of iterated kernel 
K,,(x,f). Changing the order of summation and integration of Eq. (6.87), we 
obtain 


V(x) = f(x) + af > kK (x,t) jr (6.88) 
m=1 
Now, comparing Eq. (6.88) with Eq. [6.6(a)], we have 
R(x, t;A) = x AK AGA) (6.89) 
m=1 


Equation (6.89) converges uniformly and absolutely when K(x,f) is continuous 
in R. 


6.12 RESOLVENT KERNEL AND VOLTERRA INTEGRAL EQUATION 


Theorom: Let R(x,t;A) be the resolvent (or reciprocal) kernel of the Volterra 
integral equation. 


yx) = f(x) + Al KG. t).W(t)dt (6.90) 
then R( x,t; A) = K (x,t) + Af K(x,2).RE, tA)dz (6.91) 
Proof: We know that R(x,t;A) is given by (refer to section 6.11) 
R(x, t;A) = x A" 'K,, (x) (6.92) 
m=l 


where, the iterated kernels are given by 


K,(x,t)=K(x,t) [6.93(a)] 


KGoH= "K(x,z Ky (2Z5t)dz 
= m(%st) = J K(x2). Ky id) 


Now, from Eq. (6.89), we have 


[6.93(b)] 


co 


R(x,t,4) =K,(x,)+ ¥ A" 'K,, (0) 


m=2 
For R.H.S., using Eqs. [6.93(a)] and [6.93(b)], 


co 


R(x, 5,4) =K(x,)+ Ya {J Ke%2).Kys(etde| 


m=2 
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Now, let m —1 = n. So, 


R(x,t;A) = K(x,f) + > A" {f; K(x,z).K,,(z, paz| 
n=l 


R(xGA)=K@,0+A> 4" [K@2 K,,(z,t)dz 


m=1 


Now, changing the order of summation and integration, 


R(x,t;A) = K(x,t) + af’ | > A" 1K (z of K(x,z)dz 


m=1 


Finally, using Eq. (6.92), we express as 


R(x,t;A) = K (x,t) + Af’ K(a,2).RE, tA)dz (6.94) 


6.13 ILLUSTRATIONS TO EXPLAIN THE SOLUTION OF 
VOLTERRA INTEGRAL EQUATION BY SUCCESSIVE 
APPROXIMATIONS (OR ITERATIVE METHOD) 


Type 1: Determination of resolvent kernel of the Volterra integral equation. 
The equation is y(x) = f(x) + a K(x,t). y(t) dt (6.95) 


EXAMPLE 6.7: Find the resolvent kernel of the Volterra integral equation 
with kernel K(x,f) =(2+cosx)/(2+cosf), 


Solution: We know that the iterated kernels are given by 
K, (x,t) = K(x,f) 


(i) 
K, (x,t) = J K@2).K, 0d. n = 2,3, (ii) 
Here, given that K(x,t)=(2+cosx)/(2+cost) (iii) 
So, by Eq. (i) and (iii) 
K, (x,t) = K(x,t) = (2+ cosx)/(2 + cost) (iv) 
For K(x, t), let n = 2 in Eq. (ii) , we have 
K, (x,t) = J K(x,2).K(z,t)dz 
Now, using Eq. (iv) ‘ 
x2+cosx 2+cosz 2+cosx 
K,(x,t)= : z= x-t Vv 
24H) J, 2+cosz 2+ cost sak ) mt 


Now, let n = 3 in Eq. (ii), 
K,(x,1) = ie K(x,z).K,(z,)dz 
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x2+cosx 2+cosz 


or K3 (x,t) = J .(z—t)dz [Here, we have used Eq. (iii), and (v)] 


t 24+cosz 2+cost 


2 ee ee a4) 
Kiete +cosx] (z—t) _2+c0sx (x-t) ay 
2+cost 2 2+cost 2! 
Similarly, by n = 4, we find 
3 
K(x, = 2+cosx (x-?) Gis 


2+ cost 3! 


After observing the values of K,(x,t), Ko(x,t), K3@,0, Ka@,4), we mention 


n-1 
cae lee? MA ee 


K, (at) = (viii) 
2+cost (n-1)! 
Now, by Eq. (6.92), the resolvent kernel R(x,t;A) is given by 
R(x,t;A)= = AK. Cat) (ix) 


m=1 


Expanding the R.H.S. and substituting the values of iterated kernals, we obtain 


7 27, p2 37, _ 3 
2+cosx 1448 A (x —1t) 4 (x —t) n 
2+cost 1! 2! 3! 


R(x,t;A) = ( 


R(x,t;A) = 2+ cosx _eA(s-t). This is the required resolvent kernel. 
2+ cost 


Type 2: Solution of Volterra integral equation with the help of resolvent kernel 


Let the Volterra integral equation be 


y(x) = f(x) + Af K(x0). y(t)dt (6.96) 


For its kernel K(x,t), let K,,(xt) be the iterated kernels as already given in 
Eqs. [6.93(a)] and [6.93(b)]. We have also learnt the method of finding the 
corresponding resolvent kernel in Type 1. 


RtA= > A BG (6.97) 
m=1 


Let the sum of infinite series [Eq. (6.97)] be found in closed form. Then, the 
required solution of Eq. (6.96) is given by {also refer Section 6.11} 


yx) = f(x) + AP Rt A). f (dt (6.98) 


EXAMPLE 6.8: By means of resolvent kernel, find the solution of 


2+cosx 


x 
y(x) =e" sinx + 
0 2+cost 


y(t)dt 
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Solution: The given equation is 


x2+cosx 
x)=e*sinx +} ———. y(t)dt i 
y(x) reer y(t) (i) 


Comparing Eq. (i) with Eq. (6.96), we have 
. 2+ 
f(x) =e* sinx,A =1,K(x,t) = (ii) 
2+cost 
Now, we refer to Example 6.7, and we find the resolvent kernel as 


2+cosx ert 


R(x,t;A) = . 
( ) 2+cost 


(iii) 
Then, the required solution is given by Eq. (6.98), which follows: 


x2+cCosx y+ 
———e 


.e' sint dt [by Eq. (ii) and Eq. (iii)] 
0 2+cost 


y(x) =e" sinx +1. 
—sint 


2+ cost 


y(x) = e* .sinx —(2+cosx)e”. if dt 


y(x) =e" sinx —(2 + cosx)e" .[log(2 + cosr)]j 


y(x) = e* sin x —(2 + cosx)e” .[log(2 + cosx) — log3] 


2+cosx 


or y(x)=e sins +(2 +0081) log] > — 


This is the required solution. 


EXAMPLE 6.9: With the help of resolvent kernel, find the solution of the 
following integral equation: 


x2 
v(x) = 1427 +f 2 V(t)dt 


Solution: 
The given equation is 
y(x) =1+4x fe a .(t)dt (i) 
Comparing Eq. (i) with Eq. (6.96), we nee 
f(x) =14+x?,A=1,K(x,t) =(1+.x7)/(1+2) (ii) 
Using Eqs. [6.93(a)] and [6.93(b)], the iterated kernels are: 
K, (x,t) =K(x,t)=(1+x7)/(1+2) (iii) 
and K,, (x,t) = J K@2) K,, \(2tdz (iv) 
Using Eqs. (ii) and (iii), 
Roof eal 
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Similarly, for m = 3, K3(x,4)= J K@2).K (z,t)dz 


— Atz mGc2 (@-t 
or KO) = | (2 Ode 
t ieee as 2 ! 
1+x? Gay - t) . 
K,(x,t) = —— al 
1 = 
Similarly, for m=4,K,(x,t) = tx! ea iy (vii) 
1¢¢° 3! 
Through an observation over K,(x,1), K2(x, 0), .... we express 
2 m-1 
Gps 2 2. Ha12e,, (viii 
1+ (m-1})! 


Now, the resolvent kernel R(x,t;A) as given by Eq. (6.92) is 
REDS AOR LD 
m=1 


Expanding R.H.S. for A = 1, and substituting the values of iterated kernels, 
we have 


_@-)  G@-  @-n , 
l! 2! 3! 


R(x, t; a= 


R(x,t)4) = 14x? fon (ix) 
ee 


Finally, the required solution is given by Eq. (6.98), which in the present case is 
V(x) =f) + AJ ROA). fdr 


gia 


Wx) =(1¢x7) 41. emery e+ P)dt 


or y(x) =e*(1+.x7) [After simplication]. 
Type 3: Solution of Volterra integral equation when the sum of the infinite 


series occuring in the formula for resolvent kernel cannot be found 


Let the Volterra integral equation be 
V(x) =f) + Af K(x). yOat (6.99) 


With the problems mentioned above, we use the following formula, known 
as Neumann series: 


yx) = SO) + YA" YK (0). Ode (6.100) 
m=l 
where, K,,,(x,f) is the mth iterated kernel. 
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EXAMPLE 6.10: Find the Neumann series for the solution of integral 
equation: 
v(x) =14x4 aj, (x —1).y(t)dt 
Solution: 
The given equation is 


v(x) =14x4 aj: (x —t).y(t)dt 
Comparing with Eq. 6.99), 
fi) =14tx,A= A, K(Xx,t) = (a —- 0). 


Also, let K,,(x,t) be the mth iterated kernel, then by Eqs. [(6.93(a)] and 
[6.93(b)], 


(i) 


BiG) =k GO) =x (ii) 

and K,, (xt) = J K@2) Ky (Zst)dz (iii) 
Let m = 2, So, K5(x,t) = ['K@2) K,(z,t)dz 

K,(x,1) = is (x —z)(z -A)dz [by Eq. (ii)] 


3 
Rees is 2) 2 al - [OS Fe =o 8a (iv) 


Let m = 3 in Eq. (iii), we get 
K,(%,) = J K(@.2).K, (z,t)dz 


Ee us pan ial () 
5! 


and so on. Now, the Neumann series ae in Eq. (6.100) is 


or K(x.) = ['@-2) 


(x)= f+ DA" Kno. fat 


m=1 


yx) =(14x) +A) K+ de oo i 


“ 


y(x) = (l+x)+AaJe (x —1) (1+ddt +4? | YG tesa! 


2 3 4 5 
2 x ‘ 
or soyaterea Coe hea it), +o (vi) 


It is obtained after simplication, and this is the required solution of Eq. (i). 
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Remarks: 1. In this question, if A = 1, then Eq. (vi) can be summed equal to e’. 
2. In this question, if we find the resolvent kernel, then 


R(x,6A) = YA" RK, (x,0) = Ky (2,0) + AK (2,0) + AKG (x0) 


m=1 


_1yp =.) 
ROA) = (0-1) + AB 4a ae ae 


Since the sum of this series cannot be found, therefore we cannot go like 
Type 2. 

Another example is given here in which we have adopted the procedure 
of Type 3. 


EXAMPLE 6.11: Solve the Volterra integral equation: 


y(x) =14 J, xt.y(0dt 


Solution: The given equations is 


y(x)=1 + a y(t)dt (i) 

Comparing Eq. (i) with Eq. (6.99), we get 
f(x) =1,A=1K(x,1) =x (ii) 
The mth iterated kernel, K,(x,t) = K(x,ft) = xt (iii) 
and K,, (x,t) = J K@2) K,, (Zt)dz (iv) 


For K3(x,t), let m = 2 in Eq. (iv), we get 
x 1 
K(x, = J (xz) (zt)dz = riod ~ xt*) (v) 
For K3(x,t) we take m = 3 in Eq. (iv), and find 


K,(x,1) = J K@.2).K, (z,t)dz 


x 


1 1 
K3(x,t) = i (x2). 51 - zt*)dz = ae sag + xt’) (vi) 


Similarly, K,y(x,t) = So" —3x't4 +3x4t7 =x") (vii) 
and so on. 

Now, it can be verified that for the pattern of iterated kernels, the sum 
of the series for the resolvent kernel cannot be ascertained; hence, we use 
Neumann’s series, which is given by Eq. (6.100) 


y(x) = f(x) + x A” la K,, (x,t). f (dt (viii) 
m=1 
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Now, expanding for m, putting the values of K,(x,f), K(x, 1), ... as found 
above, and simplifying, we get 
3 6 9 
x x x 
=1+—+—+ + 
WO)=I+ > +75 +258 


(ix) 


This is the solution of Eq. (i). 
Type 4: Method of successive approximation for solving Volterra integral 
equation of the second kind 
Let the integral equation be 

y(x) = f(x) + Al K(0). y(t)dt (6.101) 
Also, let f(x) be continuous is [0, a] and K(x,f) be continuous for 0 < x < a, 
O<t<x. 


We begin with some given function yo(x) continuous in [0, a]. Then, 
replacing y(t) on R.H.S. of Eq. (6.101) by yo(x), we get 


W(x) =f) +A] K(a1). vo (Oat (6.102) 
Since y,(x) given by Eq. (6.102) is itself continuous in [0, a], we proceed 
similarly and arrive at a sequence of functions yo(x), yj(X), yo(X), 5 Vat), « 
where, yx) =f) +A] K(0.¥,1Odt (6.103) 


Because of continuity of f(x) and K(x,1), the sequence {y,(x)} converges as 
n — ce, and thus, the solution y(x) is obtained. 


Remark: If we take yo(x) = f(x), we obtain Neumann series. 


EXAMPLE 6.12: Using the method of successive approximation, solve the 
following integral equation: 


g(x) =1+ J (x-1).g(de 
Taking go(x) = 0. 


Solution: The given equation is 
e(x) =1+ ik (x —1).9(t)dt (i) 
Comparing Eq. (i) with Eq. (6.101) [y(x) is g(x)], 
f(x) =1,4=1,K(x,) =(4-2 


The nth order approximation, 


&, (x) = f(x) +A) K(x,0).8)-1 (t).dt 


gy(x)=1+ Je -1.8,1(0.dt (ii 
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Let n = 1, gi(x)=14 J (x-1.0 dt =1 


Next, let n = 2 in Eq. (ii); using g\(x) = 1, 
2 
= © hoe = = ane pr ecale 
g(x)=1+ Jo (x Nl dt=1+x?-=14 


Then, putting n = 3 in Eq. (ii) and using g(x), we get 


4 


2 2 
x x x x 
g(x)=1+ J. -9f to] Ge ae 


In general, we have 


2 4 2n-2 


(His 8 ee 
2 4! (2n—2)! 


Note: Asn -— , we get the infinte term to get cosh. 
Hence, the required sum is a g, (x) =cosh x- 


EXAMPLE 6.13: Using the method of successive approximation, solve the 


following integral equation. 
g(x)=x-J (dedi, go()=0 
Solution: The given equations are 
g(x)=x- J (x-dg(ar 
and g,(t)=90 
Comparing Eqs. (i), (ii) with Eq. (6.101), 
[here, (x) = g(x) ], f(x) =x,A =-L K(x,t) =x -1t,g)(x) =0 


The nth order approximation is given by 


8 n(x) = f+ Al K(Qx0). g,10dt 


or g,(x)=x t(D] @-d. g, 1dr 
Now, for g,(x), we put n = 1 in Eq. (iii) and take go(x) = 0. 
We get g(x) =x 
For g(x), we take n = 2, and use g(x) = x, and obtain 
3 3 3 
x x x xX 

gi(x)=x- J, (x-t).tdt=x- 5 + 3 =x- rT 

Similarly, for g3(x), we take n = 3 in Eq. (iii) and using g(x), we get 
3 5 


xXx 
SE ay 


(i) 
(ii) 


(ili) 


(iv) 
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3 x? 2n-1 


Xx nA 
Oe ee ade S| 
In general, g(x) = ar (-1) Qn)! 


As the required solution is me g(x)» we get 


x? 2n-1 
Lim n XxX 
x a -+(-1 + 
noo Bn (%) = (-l) (Qn! 


coo=sinx 


EXAMPLE 6.14: Using the method of successive approximation, solve the 
integral equation 


2 
sto)= |) eae 


taking the zero order approximation (a), go(x) = 0, and (b) go(x) = x. 


Solution: (a) The given equations is 


x] Ag 
go) = [Ea ‘i 


Equation (i) is non-linear. 
Comparing it with Eq. (6.101), we have 


2 
f(x) =0,4 =1,K(x,t). g(t) = 
1l+t 


and let (x)= J, K(x0).8,-1Odt 
xl+g?_{(t) , 
x)=) — Snel at (il) 
g,(x)= |, = 
so that g(x) = ha —— dt = tan"! x 


ne i? Ae. Vie GS 
=} ——.——dt = tan” x +—(tan 
205) 2 x+>(tan x) 
1 2 
1 + tan" t+ —(tan! 0°| 


as(x)= J, 


isc 


1 2 1 
x) =tan7! x +—(tan7! x)? +———(tan™! x)° + (tan! 2)’ 
83(x) ri ) wrk ) er ) 
Now, g(x) = 7s, B(x) = tan(tan! x) = x 


In the expansion of tanx,, if we put x, = tan-!x, we get it 
p 1 p 1 g 


(b) If we take go(x)=x,g)(x) =x = g(x) =93(4) =" =g,,(%) 
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Lim 


So, 84) = p00 (4) =x 


EXERCISE 6.3 


1. Find the resolvent kernel, given (a) K(x,f) = 1, (b) K(x,t) = e** 
2. With the help of resolvent kernel, solve 
(a) yx) =f) +A eyDat 


(b) y(x) =sinx + 2. et y(t) dt 
()y(x)=1+ J yar. 

(d) va=xt], x yOdt 

(e) Wa) =1t J) Cx) Ode 

(f) g(x) =cosx—x—-2+ Joe — x).g(t)dt 


3. Using the method of successive approximation, find the solution of 


(a) p(x) =1+4 ls y(t)dt,y(x)=0 [RU 94, 03] 
(b) Y@)=1+x-J yOdt,yo(x)=1 


(c) p(x) =x.2* - i 2° 9(t)dt,g)(x) = x.2* 


Recollect the following expansions: 


2 3 co n n 
(a) et =l¢xt 44. YD atin ys 

21 3! on! n 

x x x x" 

b) log(l+x) =x -—+—-—+4---+(-l” —+-:: 
(b) log(1+ x) a ae” (=) 

- s 
(c) sinx = pa ial en Cp ye 

31S! 2 “Ok+)! 


x2 x4 x nt x” oo 2" 
(d) cosx=1—-~- 4+ -~ 4... +08 has > (-1)” 
2! 4! «6! 2 )n! ar (2n)! 


3 
2 
(e) tanx =x +4 4... for|x [<4 
3 15 2 


5 °° ent 


x? 
x 
sinh x = to 4iye= J for all x 
ae a “ Qn+t)! 
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2 4 co 2n 


XxX Xx x 
coshx =] +—+—4--= 
7 a 2 (2n)! 


3 5 7 
(h) ahwe=ee 2x = 17x 
3! 15) 315 
() sintx exh 2 18135 2 
23 245 246 7 

5 
0) tan”! x= 4-4 (1 <x <l) 


for all x 


1 
+++: for | x |<— 
2 


+--(-1S x <1) 


Answers: 
1. (a) exp. {A(x —-1)}, (b) exp.{(x -—A(1+/A)} 
2. (a) Wa)= SXF AJ OO Fat 


b ne ee eee 
DORE 5 5 5 


(c)y=e@ 
(d) y(x) = sin x 
(e) v(x) = cosx 


: | oe 
(f) g(x) =—cosx —sin x er sin x 


3. (a) ya) = 
(b) yx) = 1 
(c) g(x) = 2*(1-e™) 


, 2% 6%, 
“~ ~ “~ 


q CHAPTER q 


Classical Fredholm Theory 


7.1 INTRODUCTION 


The solution of the Fredholm integral equation of the second kind, i.e., 


b 
g(x)=f(x) +A] K(x.) gat (7.1) 


has been discussed in Chapter 6 as a uniformly convergent power series in 
parameter A for suitably small value of |A|. As a matter of fact, Fredholm 
obtained the solution of Eq. (7.1) in general form, which is valid for all values 
of parameter A. These solutions are contained in three theorems, which are 
known as Fredholm’s first, second and third fundamental theorems. 

In this chapter, we shall study Eq. (7.1) when the functions f(x) and kernel 
K(x,t) are any integrable functions. Moreover, the present method enables us 
to get explicit formulae for the solution in terms of certain determinants. 


7.2 FREDHOLM’S FIRST THEOREM 


Statement: The non-homogeneous Fredholm integral equation of the second 
kind 


b 
a(x)= f(x) +2] K(x.) gat (7.2) 


where the functions f(x) and K(x,?) are integrable, has a unique solution 


b 
B(x)=f(x)+A J ROA) fat (7.3) 


where the resolvent kernel R(x,t;A) is a meromorphic function of parameter 
A defined by 


Lee. pay 0] (7.4) 
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D(x,t;A) and D(A) are entire’ functions of parameter A defined by Fredholm’s 
series of the form 


DosR +P fon fc (FE Mle dig (7.5) 
mM, 


me=l 1,2] «Zim 


and Dayar AP fan fc B Nd 76) 
* 1 


m=1 a9 Am 


both of which converge for all values of A. In particular, the solution of 
homogeneous integral equation is identically zero. 
Moreover, it is to be noted that 


K(x,,t) K(X) ++ K(%,t,) 
K(x,,t,) K(x,,t s+ K(x,,t Xp Xo pe X 
(X,0) (X55) (x, "ex{ 2 " (7.7) 
: : : : tity, + ot, 
K(x, .¢,) K(x,,5ty) see K(x, ty) 


is known as the Fredholm determinant. 
Proof: Let the interval (a, b) be partitioned into n equal parts by the points 
Xx, =t=a,X, =t, =arth,...,x, =t, =at(n—-Dh (7.8) 
where, 
pa) 


n 


In this way, the approximation formula is developed as 


b n 
[KO gdt=h> K(x,x,)g(x)) (7.9) 
a j=l 
Hence, Eq. (7.2) reduces to 
g(x)= f(x) +Ah DK (x,x;) 3(x;) (7.10) 
j=l 


Since Eq. (7.10) holds for all values of x in the internal (a, b), in particular, 
it must be satisfied at the n points of division x;(i = 1, 2, ..., 2), and thus, the 
following system of equations is obtained: 


(x)= f(x) + Ah > K(x;,x,)a(%;), @ = 1,2,....0) (7.11) 
j=l 
Now, we express 8(X;)=8;,f(%)) =f, K(%).% HK; (7.12) 


* Refer to author’s Complex Variable by Ramesh Book Depot. 
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Then, Eq. (7.11) gives an approximation for Eq. (7.2) in terms of the system 
of n linear equations with n unknowns g, 89,..., n, as 


g -Ah>Y Kg; =f G=212.4.0) (7,13) 


j=l 
And Eq. (7.13) can be rewritten as 


(1 — AhK,,) g —AhK 125 - tt SANK Bn =A, 
—AhKy, g +(1-AhKy )g, — ++ -ANK 3, 8, =r 

(7.14) 
ARK, &] — AhK yy &2 — eo +(1—AhK,, ) 2p =f, 


The values of 91, 2,...,g,, obtained by solving the algebraic system Eq. (7.14) 
are approximate solutions of Eq. (7.2) at the points x), x,...,x,. These solutions 
21, 825-58, can be plotted as ordinates, and by interpolation, we can draw a 
curve g(x) which is an approximation to the actual solution. 

The solutions gj, 99,...,g, obtained by solving the algebraic system of 
equations [i.e., Eq. (7.14)] may be expressed in the form of the ratios of certain 
determinants, with the resolvent determinant D,(A) of the above algebraic 
system [i.e., Eq. (7.14)], where 


L-ARK,,  -ARKy = -ARK,, 
-ARKy, 1-ARKy <= —ARK. 

D,(A)=| — ees (7.15) 
-ARK yy -ARKyy = 1- ARK yy 


provided that D,(A) # 0. 

The approximate eigenvalues are obtained by setting this determinant to zero. 
Now, expanding D,(A) in powers of the quantity (—A/), it is found that the 
first term not containing this factor is equal to unity. The term containing 
(—Ah) in the first power is the sum of all the determinants containing only 
one column —AhK,,, r = 1, ..., n. Considering the contribution from all these 


n 
columns s = I, ..., n, we find that the total contribution is -ANY Ks. 
s=l 
The term containing the factor (—Ah)” is the sum of all the determinants 
having two columns containing that factor. This gives rise to the determinants 
of the form 


K,, «K 
(-any?| 7? 4 
Ky Kaq 


where (p,q) is an arbitrary pair of integers chosen from the sequence l,...,n 
with p < gq. 
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Similarly, the term containing the factor (-Ah)? is the sum of the 
determinants of the form 


Kip Kyg Kor 


3 
(-AN)|Kiy Kay Kop 


qq qr 
Ky Kr Ky 


where (p,g,7r) is an arbitrary triplet of integers taken from the sequence 
1,2,..,n withp<q<r. 

Proceeding likewise, we obtain the remaining terms in the expansion of 
D,(A). Thus, the determinant [Eq. (7.15)] may be expressed in the following 
form: 


D,(A)=1-Ah ¥K, 4h any xe 
s=l ! 


K 7 


p.q=l Kop 99 
(-any ji K pp Kong Ky, 
3! x [Se Koq Ky + 
*  pg.r= 
Bay K, é Ke 
PiPy Kap, Kopp 
(—Ahy” n K, Py Kap, Kip 
+ ys 
n! 
Py> Pry Py=l 
Kp», Kp p, —~ Kp », 


D,(A)=1- ab. KG x, ve ay > 6 "| 


m=1 p.g=l 


any Kins Xie Xp 
ma on y X( a Jo (7.16) 
! x, 


P.q,r=l 


[By applying Eq. (7.7)] 


Se Tain 
n—co n—-co n 


tends to be single, double, triple integral, etc., therefore we have 


=0 and each term of the sum shown in Eq. (7.16) 


D(A)= Ina facs ode fa © Nad 
2 


3 bbb 
ZS fa “a ao di, dc, ++ (7.17) 
“aaa 3 


lb *2> 
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where D(A) is called Fredholm’s determinant and the series occurring on the 
R.H.S. of Eq. (7.17) is called Fredhlom’s first series. 

It may be pointed out that Hilbert gave a rigorous proof of the fact that 
sequence D,(A) — D(A) in the limit and Fredholm proved the convergence of 
Eq. (7.17) for all values of A by using the fact that kernel K(x,t) is bounded 
and is an integrable function. Thus, D(A) is an entire function of the complex 
parameter A. 

Now, we can find the solution of Eq. (7.2) in the form given by Eq. (7.3), 
where the resolvent kernel is the quotient of D(x,t;A) and D(A). For this, we 
determine D(x,t;A) as the sum of certain functional series. It is known that 
the resolvent kernel R(x,t; A) satisfies the following relation: 


b 
R(x,A)=K(x,1) +A] K(x,2) R26 A) dz (7.18) 
From Eqs. (7.6) and (7.18), it follows that 
D(x,t:A)_ a D(z,t;A) Day-eaG 
Or KENTA EC Oey dz, {D(A) # 0} 
b 
or D(x,t;A)=K(x,t) D(A) +A | K(x,2) D@,tA)dz (7.19) 


a 


Now, the form of the series shown in Eq. (7.17) for D(A) suggests that we 
search the solution of Eq. (7.19) in the form of a power series in parameter 


A, i€., 


D(x,t;A) = By (x, arn (7.20) 
For this, rewriting Eq. (7.17) as 
D(A)= a= ae Ln (7.21) 
m=1 m! 
where, b= Jx(eee i “ma dx, (7.22) 
X15 XQ 500-9 Xn 


Now, substituting the series for D(x,¢; 4) and D(A) from Eqs. (7.20) and (7.21) 
in Eq. (7.19) and comparing the coefficients of equal powers of A, we derive 
the following recursion relations: 


By (x, H=K(x,1) (7.23) 
b 
and B,, (x,t) =H, K(x,0) - m| K (x,z)B,,_,(z,t)dz (7.24) 


Now, we shall show that for each m(m = 1,2,3,....), 
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b 2B 

N25 Zo sess Sey 

Bacsid=fo-JR| as Je .dZ» (7.25) 
me £52) 5295-002 

First, we see that for m = 1, Eq. (7.24) takes the following form: 


b 
Bx.0= my K(x,t)— | K(x,z) By (z,t)dz 


a 


b b 
or B,(x,t)=K (x,t) [ K (2,2)dz-[ K (x,2)K (2,0) dz 
b 
X,Z 
or B, oa fa(? Jes (7.26) 
2 


It shows that Eq. (7.25) holds for m = 1. 
To prove that Eq. (7.25) holds for general m, we expand the determinant 
under the integral sign by the relation 


K(x,t) K(x,z,) +++ K(x,z,,) 
K(z,,0) K(z,,2z,;) +: K(z,2Z,,) 
X92 15275009 Z my eee eae eae eae 
K = 
eo ) aia ras Sais aaye (7.27) 
K(Zyot) K(Zy.21) 2 Ky 52m) 


with respect to the elements of the given row, transposing in turn the first 
column one place to the right, integrating both sides and using Eq. (7.22), the 
result, i.e., Eq. (7.25) follows by mathematical induction. 

Now, from Eqs. (7.21), (7.23) and (7.25), we derive the so-called 
Fredholm’s second series. 


co mb »b 
D(xt:A)=K(x,) + —\™ Jofa (per ld dey (7.28) 


na t,Z,5-0Zim 


Equation (7.28) converges for all values of A. 

In the end, it will be shown that the solution in the form obtained by 
Fredholm is unique and is given by Eq. (7.3). Before doing this, we find that 
the integral equation [i.e., Eq. (7.18)] satisfied by R(x,t;A) is valid for all 
values of A for which D(A) # 0. Through Chapter 6, we already know that 
Eq. (7.18) holds for (A) < Bo!, where 


bb 1/2 
B ii | K(x,t) ia 


aa 
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Since both sides of Eq. (7.18) are thus found to be meromorphic, the result 
follows. 

To establish the uniqueness of the solution of Eq. (7.2), it is assumed that 
g(x) is a solution of Eq. (7.2), provided that D(A) # 0. Rewriting (7.2) as 


b 
g(2)=f)+A]K(eNgWat (7.29) 


Multiplying both sides of Eq. (7.29) by R(x,z;A), and then, integrating both 
sides with respect to ‘z’ from a to b, we get 


b b b| b 
[ROuzA)g(@)dz=[ R(x.2,4) rerdesall[rearneanee g(t) dt (7.30) 


aca 


Using Eq. (7.18), we have 


b 
R(x,GA)=K(x,) +2 | R(x,2,A)K (z,)dz 


a 


b 
or AJ RQ&.z:A)K (2,0) dz =R(x,t,A)—K (251) (7.31) 
From Eqs. (7.30) and (7.31), we have 


b b b 
J ROuzA)g(2)dz= J R(x,2:A) f(@)dz+ [[R@.6A)-K(x.N] gat 


b b b b 
or FR(x,A)gdt=| R(x,6A) f(Odt+ | ROA gat—-[K(x,) gat 


b b 
or K(x, gQat=|R(x6A) fat (7.32) 
From Eq. (7.2), we have 
b 
[Ko.0 (ar =8—T) (7.33) 
and from Eqs. (7.32) and (7.33), we have 
ax)-f@) ta, 
7 JRGsta) f(t)dt 
b 
or a(x)=f(x)+A J R(x,6A) f(Odt (7.34) 


and this form is unique. 
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7.3 WORKING RULE FOR EVALUATING THE RESOLVENT KERNEL 
AND SOLUTION OF FREDHOLM INTEGRAL EQUATION OF 
THE SECOND KIND BY USING FREDHOLM’S FIRST THEOREM 


Let the Fredholm integral equation be 


b 
g(x)=f(x)+A]K (xg at 


(7.35) 


The Fredholm’s first theorem enables us to get explicit formulae for the 


solution of Eq. (7.35) in terms of determinants. 


We know that the unique and continuous solution of Eq. (7.35) is 


b 
g(x)=f(x) +A] RGA) Sat 


where the function R(x,t;A) is called Fredholm resolvent kernel of Eq. 


and is defined by 


D(x,t;A) 
provided that D(A) # 0. D(A) 
Here, D(x,t;A)=K(x,t)+ y ss mn (Xt) 
m=1 m!} 
and D(Aj=1+ ¥ fea) a 
m=1 m! 
wherein the coefficients are given by 
K(x,t) K(x,2) a K(x,Z,) 
K(z,,t) K(z,2,) -+ K(%,2,) 
b b 
Beta \a) dz,...dz, 
K(z,,.t) K(z,,2,) om K(Z,5Z,) 
and Bo(x,t) = K(x,t) 
K(z,,Z,) K(z,,25) a K(z,,Z,) 
K(2,,2,) K(2.,2.) +++ K(2,2Z,) 
b b 
and Ly = | dz,...dz,, 
K(z,,5Z1) K(Z,.Z>) K(,, Zn) 


(7.36) 


(7.35) 


(7.37) 


(7.38) 


(7.39) 


(7.40) 


(7.41) 


(7.42) 
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The function D(x, t; A) is called Fredholm minor and D(A) is the Fredholm 
determinant. 
In case, kernel K(x,f) is bounded or the integral 


bb 
J Jw (x,t) dxdt 


has a finite value, Eqs. (7.38) and (7.39) converge for all values of A, and 
therefore, are entire functions for A. 

Also, the resolvent kernel R(x,t;A) is an analytic function of A, except for 
those values of A which are the zeros of the function D(A). Obviously, the 
latter are poles of the resolvent kernel R(x,¢; A). 


Alternative method for calculating B,,(x,t) and L, 


The coefficients u,, and the function B,,(x,¢) are also found from the following 
recurrence relations: 
We have 


b 
Uo = 1, xu, =| Bia (s,s) ds, (7.43) 


b 
and B,(x,t)=u,, K (x,t)- | K(x,z) B,, (z,t)dz, m2 1 (7.44) 


Since {lg = 1 and B(x, t), is directly known, therefore we can use Eqs. (7.43) 
and (7.44) to find, in succession “4; ,B, (x,t); My, By (x,t), and so on. Continuing 
in this way, all the coefficients can be calculated. In certain cases, depending 
on the explicit form of the kernel, Eqs. (7.38) and (7.39) contain only a finite 
number of terms. 

It is to be kept in mind that one distinct advantage of Fredholm method 
is that Eq. (7.37) is uniformly convergent for all values of A unless D(A) = 0. 


EXAMPLE 7.1; Find the resolvent kernel of the following kernels by using 
Fredholm determinants: 

(a) K(x,t) = xe’; a=0,b=1 

(b) K(x,t) =2x-t, OSxS1,0sf<l, 

(c) K(x,f) = sinx cost; OS x<27,0<t< 27, 


Solution: (a) Here, K(x,f) = xe’ 
Now, by Eq. (7.24), Bo(x,t) = K(x,f) = xe’ 


1 


K(x,t) K(x, 
Also, by Eq. (7.26) B,(x,4) =) cai 
0 


K(z,,t) K(z,,2,) 


Vxe! xe 


7 dz, [Using Eq. (7.40)] 


B,(x,t) = 0 
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(since the columns of the determinat under the integral sign are identical) 
11 K(x,t) K(x,z,) K(x,Z») 

Similarly, By (x,)=[ J [K(e.0) K(\.21) K().2)|dz,dz, 

oe K(Z,t) K(Z,,2;) K(Z,2)) 


t Z; 25 
xe xe xe 


LI 
By (x,t) =f ge Ze! Ze" \dz,d2, =0 
00 


t Z; 25 
Ze Z7€ Ze 


Since B,(x,t) = Bo(x,t) = 0, it follows that B,(x,t) = 0, for n < 1. Thus, from 
Eq. (7.42), we have 
1 1 
i= [Kz az, = Jase” dz, 
0 0 
1 
Hy = [ze Jp — fe%dz, 
0 


yw, =e—-[e" ]}, =e-(e-D=1 
ze" Ze" 


and MH, = 
00 


dz,dz, =0 


2) 2 
Ze Ze 


Clearly, “,, = 0 for all m 2 2. 
2 


Now, by Eq. (7.5), Dlx,t 2), K(x 1) ~ AB (2,1) + By at) — 


D(x, t;A) = xe’ (By substituting values of K(x,t) B,(x,1), etc.) 
2 
and by Eq. (7.6), D(A) =1- Au, +m Sima te=A 


(By substituting the values of LM), Ub, etc.) 
Thus, the Fredholm resolvent kernel as given by Eq. (7.4) is 


D(x,t;A) _ xe! 


ES ay. = A 


(b) Here, we have Bo(x,t) = K(x,t) = 2x — t; and then, similar to part (a), 


1 


B(x) See K(x,zZ,) 
0 


K(z,,t) K(z,,2,) 


fl2x-t 2x—-z, 


dz, = J Z, 
0 


2z, —t 2z,—2, 


1 
By(x,0) = [[z,(2x - 1) - (2x - 2) (22, -D)]dz, 
0 


Classical Fredholm Theory 131 


or 


or 


or 


Also, 


or 


1 
B(x, = Jl (2x —t) —(4xz, — 2xt- 22? +z,t)|dz, 
0 


1 
B(x,t) = Jizz? +2z,(2x —t —4x —1) + 2xt]dz, 
0 


227 2? 2 
By (x,t) = ty ex 2) + 2x gra 


0 
11 K(x,t) K(x,Z,) K(x,Z>) 
B,(x,t)= [J] K@%st) K(1.21) K(2.22) |dedzy 
°K (Z),t) K(Z2,2,) K(Z,Z2) 
yee! 24m, 2x—2, 
By (x,t) = [J 2z,—-t 2z,—z, 22, —Z,|dz,dz, 
00 


22, —-t 22) —Z, 22, —Zy 


Bo(x,t) = 0. (After little simplification) 


Hence, B,(x,t) = 0 for all p 2 2. 


Again, 


and 


and 


1 1 1 
1 1 
Ly = [K(q,.2,)dz, = [(2z, —2,)dz, -|52 | => 
: 0 


0 
11 
K(z,, K(z,, 
Hy -{j ake ag dz,dzy 
00 


K(Zy,2Z,) K(Zy,2Z) 


' 22; —Z, 22, —Z 1 ree : 
dz,dzy = . (Upon simplification) 
2 


111|K(@%.2,) K(Z,,2)) K(Z,23) 

Bs =JJJ K(22,2,) K(2,2)) K(2q,23)|dz,dzydz, 
0 001K (25,21) K(23,2.) K(z3.23) 
111)22%,-2, 22,-2Z, 22, —2Z, 

Bs =JJJ 22-2, 22)—2Z, 22) — 23|dz,dz,dz, 
90012z,-z, 223;-Z, 22,;-2, 


Ms = 0 (Upon simplification). 


Hence, Ll, = 0 for all p 2 3. 


Thus, we have upon using Eq. (7.5), 
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D(x,t;A) = K(x,t) + x ey 


m=1 


B,, (x,t) = K(x,t) — AB, (x,t) 


Dextiay=2x-1— A 214231] 


and by using Eq. (7.6), 
oes 


2 
piay=1+ yA i Hy =1~ A+ ty =1 ar 


m=1 


The Fredholm resolvent kernel is given by Eq. (7.4) providing 


2 
Ix—-t-Al =-x- 2 
( tA) x-t a(3 x=—t+ at) 


R(x,t,A) = 7 
ie D(A) 1-(A/2)+(A7/6) 


(c) Here, Bo(x,t) = K(x,f) = sinx cost. As before 


“ K(x,t) K(x,z,) 
B= Ney K(z,2)| 


-|sinxcost sinxcosz, 


2 
B,(x,1) = J 


: : dz, =0 
» (Sinz, Cost sinz, cosz, 


Hence, B,(x,t) = 0 for all p 2 2. 
20 20 

Next, Ly = J K@q.2)d2, = J sinz, cosz, dz, =0 
0 0 


Hence, pL, = 0 for all p 2 2. 
Thus, by using Eq. (7.5), we have 


D(x,t;A) = K(x, py zl B,, (x,t) 
m! 


m=1 
D(x,t;A) = K(x,t) — AB, (x,t) +++: 
D(x,t;A) = sinx cost (By substituting the above values) 
By using Eq. (7.6), 
iS ze 


D(A) = iy 


m=1 
D(A) =1- Au, +--=1 


(Upon substituting the above values) 


The Fredholm resolvent kernel is given by Eq. (7.4), providing 
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D(x,t;A) 
D(A) 
EXAMPLE 7.2: Find the resolvent kernel of the following kernels by using 

the Fredholm determinants: 
(a) K(x) =1+3xt, O<sxs1,0st<1 
(b) K(x, =xt-xP, O<x<1,0<ts1 


R(x,t;A) = =sinx cost 


Solution: (a) Here, Bo(x,t) = K(x, ft) = 1 + 3xt. Now, 


K(x,t) K(x,z,) 
K(z,,t) K(z,,2Z,) 


1 


1 
B(x, 0) =] 
0 


1 


B(x.) =| 
0 


1+3xt 1+3xz, 
41 


1+3z,t 1432? 


B,(x,t)= 20 ee | (Upon simplification) 


1 K(x, 0) K(x,z,) K(x,Zy) 
Also, B,(x,)=[ [Kf Kz) K(,2))|dz,dz, 
K(Z,t) K(2y,2;) K(Z,2) 
1+3xt 14+3xz, 14+3xz, 
11 
By(x,t)= ff | 1+3z¢ 14327 14322, {d2,dz, 
00 | 143z,¢ 1432.2, 14323 


B,(x,t) = 0 (Upon simplification) 


Hence, B,(x,t) = 0 for all p 2 2. 
1 1 
Next, My = [J K(z,.2,)dz, = | (1+327) dz, =2 
0 0 
11 
K(z,,2Z K(z,,z 
=f re v (Z; 2)| aed, 
00 (Z2,2;) K(Z,29) 
11 2 
1+3z; 1+3z,z, 
Hy = 4) y 941922 
09 |1+3z.z, 1432; 
Lb = 7 (upon simplification) 
Also, Ly = 0 (can be verified by readers) 


Hence, H, = 0 for all p 2 3. 
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Now, we have D(x,t;4) = K(x,t)+ x cA : 


m=1 


D(x,t;A) =1 sie - 1 


and D(A)=1+ ¥ ae 
m= 
q WV? 
D(A) =1- Any, toy ha ears 
The Fredholm resolvent kernel is given by 
D(A) 
Le3ar¢a) 29 3a¢1| 
R(x, tA) = 


1-24a-(1/4)A? 
(b) Here, Bo(x,t) = K(x,t) = xt — xt. Then, as before 


K(x,t) K(x,z,) 


1 
By(x,1) = | 
0 


ral 
K(z,,0) K(z,,2,) 
tp [xct— x0? xz; — xz? 
BoN=| |, 5 dz, 
0 (24f-2,¢ 2,2; — 2,2) 
x+t xt 1 
B, (x,t) = —xt} ——-——-— 
“a 4 3 ;] 
Also, B2(x,t) = 0 
Hence, B,(x,t) = 0 for all p 2 2. 
Next, Cece jer ~z3)dz, =0 
0 
11 
K(z,,2,) K(z,,25) 
Hy =|J i K dz,dz, 
00 (Z),2,) (2,29) 
11 2 
0 Z{Zy — ZZ5 
H,= JJ 2 2 2 2 [421422 
00 72412271 4242 — 2923 


~ 120" 
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Also, we find U3 = 0 
Hence, L, = 0 for all p 2 3. 


Now, we have 


(“A 


D(x,t;A) = K(x,t) + pes 


m 


D(x,t,A) = K(x,t) — AB, (x,t) +-°: 


D(x,t;A) = x?t—xt ? a(S 22) 
4 3 5 
2 
and D(A) = 1+, = 1, +t - 
m=1 
Whe 
D(A) =1+— 
“) 540 
x+t xt 1 
D(x,t:4) x°t—xt +dn( 224-21) 
Finally, R(x,t;A) = (156 = 
D(A) 1+(A*/240) 


EXAMPLE 7.3: Using the recurrence relations, find the resolvent kernels of 
the following kernels: 


(a) K(x,t)h=x-24;05x<1,0<t<l 
(b) K(x,t) = sinx cost, OS x< 27,05 t< 27 
(c) K(x,t) = 4at- 27305 x<51,0S1t<1 


Solution: (a) Here, K(x,t) = x — 2t. 


The resolvent kernel R(x,t;A) is given by Eq. (7.4) as 


R(x, t A) = Dx tA) 
Xm (i) 
where by Eq. (7.5), D(x,t;4) = K(x,t) + pele ae —~— Bry (Xt) (ii) 
m=1 
and by Eq. (7.6), D(A) =1+ x C = (iii) 
m=1 
Now, we have Bo(x,t) = K(x,t) = x — 2t (iv) 


Also, from Eqs. (7.43) and (7.44), 


1 
Hyo=1 and U, =[B,4(s,s)ds. p >1 (v) 
0 
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1 
and B, (x,t) = uy K(x,0) — p | K(x,2)B, \(@.dz, p> 1 (vi) 
0 


Letting p = 1 in Eq. (v), we obtain 
1 1 1 
lt, = | By(s,s)ds = [(s -2s)ds = -= 
0 0 2 


Let p = | in Eq. (vi). We obtain 


1 
B,(x,t) = UK (x,t) — [K(x,2)B(z,0dz 
0 
1 
B(x,t)= -5( == Jo ~2z)(z—2t)dz 
0 


1 
B(x,t)= -F(0 — 20) — {227 +2(x +41) - 2x} de 
0 


1 277 7? 
se aera a ee 


0 


B(x, = -5 —2t) -|-4 +(e +4t)- Dat 


2 
PS eee 


Now, taking p = 2 in Eq. (v), we obtain 


1 I 
2 
Hy = [ B,(s,s)ds = {(5+2° - 2s) 
0 0 


1 
a|2 get oe ak 
Has) 384 3 ig 


Next, taking p = 2 in Eq. (vi), we obtain 


1 
and B,(x,t) = [,K(x,t)- 2] K(x.2)B, (z,t)dz 
0 
1 
1 y) 
By(x,1) = 3-20) 2] (x -20( 24-22 ~z 1 
0 


I 
B ny ee ey ae PF Gp ar hp or toa dz 
° 3 st 3 3 
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2 
2 


1 


By(2ut)=(0-21)-2 AE + x? ~ ox -22 -S2424 +2°t 


By (xt) = (x= 20) = Dat tee HS = 


B, (x,t) =0 
Since B,(x,t) = 0, therefore by Eq. (vi), 
B,(x,t) = 0 and pL, = 0 for all p 2 3. 
Substituting the above values in Eq. (ii) and (iii), we have 


D(x,t,A) = K(x,t) — AB, (x,t) +-°: 
Diniay=n-21~A{ 2420 1-0)] 
4? 
and Ge am ere aa 


2 
AO} eee 
2 6 


x-21-a(242x—x-0] 


Thus, by Eq. (i), R(x) = 


A a 
1+—+—> 
2 6 
(b) Here, K(x,f) = sinx cost. 
Now, Bo(x,t) = K(x,t) = sinx cost 
20 
Also, Mo =1, U= | B,.s)ds, p2i 
0 
20 
and B, (x,t) = M, K(x,t)— p | K(x,2)B, \(@.0dz, p > 1 
0 
Let p = 1, in Eq. (vii). We have 
20 20 


My = J Bo(s,s)ds = J sins coss ds 
0 0 


ilerd 1[ —cos2s /” 
My, = 5 fsinasas =3] =0 
2% 2 2 6 


Now, taking p = | in Eq. (viii), we obtain 


0 


(vii) 


(viii) 
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20 
B,(x,t) = WK (x,t) — | K(x,2)By(z,t)dz 
0 


20 
By (x,t) =—- J (sin x cosz) (sin z cost)dz 
0 
20 
By (x,t) = —sin.xcost | sinzcosz dz =0 
0 


Since B,(x,t) = 0, therefore by recurrence relations, 


B,(x,t) =0 and y, = 0 for all p 2 2. 


Substituting these values in Eq. (ii) and (iii), we have 


and 
Hence, 
(c) Here, 
We have 


and 


D(x,t;A) = K(x,t) = sin x cost 
D(A) =1 
R(x,t; A) = sinx cost 
K(x,t) = 4xt — x. 
Bo(x,t) = K(x,t) = 4xt — x? 


1 
Ho = 1 and HL, = [B,4(s,s)ds, pel 
0 


1 
B@,t)= Hb, K(x,t)— p[ K(x,2)B,\(2.dz, pel 
0 


Taking p = | in Eq. (ix), we obtain 


1 1 
Ly = | By(s.s)ds = [(4s? -s")ds =[s°]q =1 
0 0 


Now, taking p = | in Eq. (x),we obtain 


1 
B,(x,t) = My K(x,0) — | K(x,z)By(2.0)dz 
0 
1 
By(x,t) = 4xt— x? — [ (4xz- x7) (4zt- 27) dz 
0 
3 
B,(x,0) = 4xt — Ss -n + ze +16xt) - at 


1 
By (x,t) = 4xt - = -. + Frias +16xt)—- 23% 


4 4 
B(x, OD = 2x7t a +x- a 


1 


0 


(ix) 


(x) 
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Next taking, p = 2 in Eq. (ix), we obtain 
1 1 
4 4 
My = Ja, (s,s)ds = Io -—s +s-—s" Jas 
; i 3 3 


and now putting p = 2 in Eq. (x), we obtain 


1 
By (x,t) = U)K(x,t)- 2 K(x.2)B, (z,t)dz 
0 


1 
By(xt)=SAxt x’) 2| (4x2 v)(2c8t 32 42 Sara 
0 


4t 


1 
By(x.t) = SAxt x7) ales | ?(21-4) (1-4) a 
i ar As 4t) 5 4 af, 4t 
Ee =r )-2])44(2-4): +Z {4x(1 “| x (2 =} x (1 a 
B,(x,t)=+(4xt—x?) a (2 s).48 {+x(1 “| v (2 +} “(1 “2 
9 3 3 3 Sy). 24. Sr), 
2 
B, (x,t) =~(4xt — x?) a2 aiid *) (2 = - (1 “) 
9 a) 3 3 3)[ 2 3 


B,(x,t) = 0 
Since B,(x,t) = 0, therefore B,(x,t) = 0 and yu, = 0 for all p 2 2. 


Substituting these values in Eq. (ii) and (iii), we have 
4 4 
D(x,t;A) = K(x,t) — AB, (x,t) = 4xt - ee alas - ae +x- <0] 


2 2 
and D(A) =1= Ay +t = 1-04 


Axt —x? - a(ax% - ox +xX- te) 


and thus, R(x,t;A)= 1—A+(A2/18) 


EXAMPLE 7.4: Determine D(A) and D(x,t;4) for the following kernels for 
the prescsibed limits a and D: 

(a) K(x,t)=1;a=0,b=1 

(b) K(x,f) = sinx,;a=0,b=7 
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Solution: (a) Here, K(x,t) = 1. 
We know that 


D(x, t;A) = K(x, n+ E 
m=1 
and pay=14 1a ry 
m=1 


Bo(x,t) = K(x,t) = 1 
1 
Uo = 0 and LL, = [B,4(s,s)ds, p2il 
0 
1 
and B, (x,t) = U,K(x,t)~ p] K(x,2)B,_(2,t)dz » p> | 
0 
Taking p = 1 in Eq. (iv), we obtain 
1 1 
lt, = | By(s,s)ds = fds =1 
0 0 
and taking p = 1 in Eq. (v), we obtain 


1 
B,(x,t) = U.K (x,t) — [K(x,2)By(2,0dz 
0 


1 
B,(x,t)=1- [dz =1-1=0 
0 


Since B,(x,t) = 0, therefore B,(x,t) = 0 and u, = 0 for all p 2 2. 


Substituting the above values in Eq. (i) and (11), we obtain 
D(x,t;A) = K(x,t)=1 


sea D(A)=1-A 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


(b) Here, K(x,t) = sinx, Now, following the approach of part (a), we have 


Box, t) = K(x,f) = sinx. 


4 
Again, Uo = O and Up =/B,., (s,s) ds, p 21 
0 


T 

and B,(x,t)=4,K (x.t)—p | K(x,2)B, (2,0)dz, p21 
0 

Taking p = 1 in Eq. (vi), we obtain 


Tu u 
My =| Bo(s,s)ds= | sins ds=[-coss]j =2 
0 0 


(vi) 


(vii) 
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Taking p = | in Eq. (vii), we obtain 


By(x,1)= mK (x,t) | K(x,2) By (2,0) dz 
0 


B,(x,t) =2sinx- Jsinxsinzdz 
0 
B, (x,t) =2 sin x—sin x[—cosz]> 


B, (x,t) =2sinx—2sin x =0 
Since B,(x,t) = 0, therefore by recursive nature, 

B,(x,t) = 0 and uw, = 0 for all p 2 2. 
Substituting these values in Eq. (ii) and (iii), we get 


D(x,t;A)=K (x,t)=sinx, and D(A)=1-Ap, =1-2A 


EXAMPLE 7.5: Using Fredholm theory, solve the following integral 
equations: 


10 
(a) g(x)=e"+A Jarg@at 
0 


1 
(b) g(x)=f(x)+A[(x+0) gat 
0 


10 
Solution: (a) Given g(x)=e" +A | xtg(nat (i) 
0 
Comparing Eq. (i) with 


10 
g(x)=f(x)+A[K(x.1) gat 
0 


we get fix) =e and K(x,t) = xt 
We know that Bo(x,1) = K(x,t) = xt 
10 
Mo = 1 and “p= |B, 4(s,s)ds,p>1 (ii) 
0 
10 
and B(x, t)= Uy K(x,t)- p [K(.2)B, @dz.p 21 (iii) 


0 
Taking p = 1 in Eq. (ii), we obtain 


10 10 a bd 103 
My = | By(s.s)ds= f s°ds= —| =— 
0 0 3 | 3 
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Now, taking p = | in Eq. (iii), we obtain 


1 
By(x,1) = UK (x,0) — [ K(x,2)By (2,0) dz 
0 


io? 
B, (x41) =— at - J even dz 
0 


3 


103 3 10 
ayo = arn) 2] =0 
0 


Since B,(x,t) = 0, therefore B,(x,1) = 0, fy, = 0 for all p 2 2. 


Substituting these values in Eqs. (7.38) and (7.39), we have 
D(x,t;A) = K(x,t) = xt 


3 
bay=1— ay, =1-a[ 2) 
rao 

oe TAB) 


Thus, the required solution of Eq. (i) is given by 
10 
a(x)= f(x) +A] ROA SOdt 
0 


10 


Ax ; 
(x) =e” +—_____ | te'dt 
: 1-A(10° /3) J 
g(x) =e" ae -e'] (Integrating by parts) 
1—A(0° /3) 
e(x)=e a2 Gae —e!° +1) (Upon simplification) 
3-1000A 
x 3Ax 10 
=e" +———_(1+9 
aye +s 0000 7? 
(b) Here, we have a= 0, b= 1 and K(ix,j) =x+t 
Again, Box.) = Kx) =x +t 


1 
Mo = 1 and HL, = [B,\(s,s)ds, pel 
0 


1 
and B, (x,t) = Ml, K(x,t)— p| K(x,2)B,_(2,t)dz 
0 


For p = 1, Eq. (iv) gives 


(iv) 


(v) 
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1 1 
i= J Bo(s.s)ds - Jasds =(s°,=1 
0 0 


Again, for p = 1, Eq. (v) provides 


1 
B,(x,1) = U,K(x,0) — [ K(x,2)By (2,0) dz 
0 


1 
By(x,t) = (x +0)—[(x +2) +0dz 
0 


1 
By(x,t) = (x +0) [[z? +2(x +0) + xt}dz 
0 
1 


2 
B,(x,t) =(x +2) -[t + rac +1) +t 
0 


B(x) (X41) 5-504) —a 


B(x) =F) at 


Also, putting p = 2 in Eq. (iv), we obtain 


1 I 
i= Ja, (s,s) ds =| 50 +s)- s as 
0 0 


Now, puttng p = 2 in Eq. (v), we obtain 


1 
By (x,t) = U)K(x,1) - 2 K(x.2)B, (z,t)dz 
0 


1 
1 1 1 
Blan= Ger Afleta]| plea 5 | 
1 
1 of 1 1 1 x 1 1 
B,(x,t)=-—(x+f)-2 —t-—+—-xt |+x|—t-—||d 
5 (x, £) ae ) iE E [ 3 at “(i +) IZ 
1 aa eft. al 1 
BGA Gao) ape ng ee 
6 3 2\2 3 2 2 3 F 
bep= G3 oy oo Each ed al Oe 
6 3\2 2\2 3 2 2 3 
B,(x,t)=0 (Upon simplification) 
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Since B,(x,t) = 0 , it follows from Eqs. (iv) and (v), that 
B,(x,t) = 0, Mo = 0 for all p 2 3 
Therefore, D(x,t;A) = K(x,t)— AB, (x,t) 


Disstiay=x-1—a) D4 —at-2] 
2 3 
and D(A) =1-A oa a ey ee 

= Hy 5) M2 = D2 


x4t—al tortn—a—3] 
2 3 


and thus, R (x,,A) = 
1-A-(A? /12) 


Hence, the solution of the integral equation is given by 


1 
a(x) = f(x) + Af ROL AS Ode 
0 


ort =a) Sotn—x—3| 


2 3 
or g(x) = f(x) +a 
J L<A=(A7 712) 


EXAMPLE 7.6: Solve the following integral equations: 


1 
(a) g(x) =x +A] [at + (a)! Je(at 
0 


(b) g(x)= = + afax —t)g(t)dt 
Solution: (a) The Lo integral equation is 
g(x)=x+ afte + (xt)! | g(t) dt 
Comparing it with 
g(x) = f(x) + afKeneo dt 


we find, a = 0, b = 1, fix) = x and K(x,t) = xt + (xt)!? 
so that here we have 


By (x,t) = K(x,t) = xt + (xt)"?, Hy =1 


: H 3 27! 
and b= [aioorar=fooreoas=|E0 E 
0 


i 2 


dt. 


(i) 


Classical Fredholm Theory 145 


1 
Next, B,(x,f) = 1, K(x,t)— [K(x.2)By (z,t)dz 
0 


1 
Bi(x,t) = > +(xt)7} - J {xz + (xz)!/?} fat + (zt)! $dz 
0 
rl 


3 5/2, 2 
Bi(x,t) = > (x + (xt)! [es (xt + Wnt Se) 
0 


B,(x,t) = {at + (xt)!} | SZ +l S00"? 
6 ae 2 
B,(x,t) = st +56)? - (avi +tVx) 


1 
Then, Uy = | By(s,s)ds 
0 


A 


1 
L, = ile" +5 -Zovs +f) | 


1 
Further, By (x,t) =[)K(x,t) —2| (K(x,2)B, (z,t)dz 
0 


1 
B, (x,t) = =a Lay \ = 2] fxz + (9a - seen! = a(evli +t/z) dz 


0 


xtz? ‘ 2xJtz5/ 2xJtz3 Axtz>!? : tVxz>/? 


1 1/2 
B,(x,t) = =< txt + (at)! -2 
aca lea 6.15 Is 25 5 


22 V2 27! 
: (xt)““z"  A(2t) Ben tVxz 
6 25 5 F 


By (3x0) == bot + (x0)!) | 


xt, 2xvt QxVt  4xt | tix | (xt)? (4 Jeo" As] 


6 15 15 25 5 6 


B,(x,t)=0 (Upon simplification) 
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Since B,(x,t) = 0, therefore we infer that 
B(x, 1) = 0, Mp = 0 for all p 2 3 
Thus, we find that 
D(x,t;A) = K(x,t) — AB, (x,1) 


D(x,t;A) = xt + (xt) a +5(n)!? - (xvi + nin| 


and 


2 
D(A) =1-Ac, je, ia me oe 
2! 6 150 


Therefore, the resolvent kernel is given by 


xt+ (xt)! - Ayo +00)" Zoi +n} 
1—(5/6)A +(1/150)A? 


Hence, the required solution of the given equation is 


1 
a(x) = f(x) + AJ ROLLA Sat 
0 


R(x,t,A) = 


1 xt + (xt)? - Ayia + tony? Gal +n} 
2° 4 5 

or g(x)=x+ al 
0 


dt 
1-(5/6)A+(1/150)A? 


A 
1-(5/6)A +(1/150)A? 


1 
xt? : vat? Ax vx? 4xat®?  avxar 
3 5 6 15 25 15 


g(x)=x+ 


0 
A [5-2 te 2 tek 2a) 


1-(5/6)A+(1/150)A7}3 56 15 25 15 


g(x)=xt+ 


_ 150x +A(60Vx — 75x) +21xA? 
AP = 12524150 


g(x) 


(b) Here, f(x) = x/6, K(x,t) = 2x — ¢. 


Proceeding as in Example 7.1(b), we obtain 


2x-1-a(Z—x-142x1] 


R(x, tA) = 
ae 1-(A/2)+(A* /6) 


Hence, the required solution by Eq. (7.36) is 
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1 
a(x) = f(x) + AP ROCA) fat 
0 


1 dx-1-a( 3-2-1420] 


Xx 
cana d 
= at) J 1-(A/2)+(A? /6) - 


x x ; 9 (2 2 } 
x) = — +————_ ] 42x -t -—A| —t—xt—t +2xt |+dt 
al: ral 3 


3 2 3 3 : 
eee : A et 4 1 2 _xt me: ye 
6 A —3A +6] 3 


ists A [s-F-a(t-Z-i4+2) 
eG Meashegl 3  \e 2 8 


Gis@% 7,3 [x-3+2] 
6 fe -alael 38 


1 A 
= 6x-2+A 
2(x) ALES Cerers x + | 


1 (6x —2)+ Ax 
= + 
a 4 A? -3A +6 | 


7.4 FREDHOLM’S SECOND FUNDAMENTAL THEOREM 


Fredholm’s first theorem does not hold good when A is a root of the equation 
D(A) = 0. It has been found in Chapter 3 that for a separable kernel, the 
homogeneous equation 


b 
g(x) = AP K(x.) gat (7.45) 


has non-trivial solutions. It is expected that same holds when the kernel is an 
arbitrary integrable function and we shall then have a spectrum of eigenvalues 
and the corresponding eigenfunctions. This second Fredholm theorem is for 
the study of this problem. 


Statement: If Ag is a zero of multiplicity m of the function D(A), then the 
homogeneous equation [Eq. (7.45)] possesses at least one, and at most m, 
linearly independent solutions given by 


0-9, 


Xx, 


Xyyevey Xj_p Xo : 


it]orr 


hitedtlagged: 


1 


is} (@=1,2,....7,1Srsm) (7.46) 
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Also, any other solution is a linear combination of these solutions. It is to be 
recollected that the definition of the fredholm minor 


D Xp Xq5005yX, alex Xp ,X 7505 X, 
sae ee rene Delish, 


a Je (7.47) 


where {x;} and {t;}, @ = 1,2.,...,.2) are two sequences of arbitrary variables, 
Eq. (7.47) converges for all values of A, and hence, it is an entire function of A. 


Proof: First, it will be proved that every zero of D(A) is a pole of the 
resolvent kernel R(x,t; A) given by 
D(x, 4) 

D(A) 
The order of its pole is at most equal to the order of the zero of D(A). 
The Fredholm’s first series is given by 


(- 4 ttyl es 
D(A) = ee J. Jay Pind (7.49) 


veg Vi 


R(x,t;A) = (7.48) 


and the Fredholm's second series is given by 


D(x,t;A) = Kens ay iF fx f= 


Differentiating both sides , ~ (7.49) with respect to A and interchanging 
the indices of the variables of integration, it can be expressed as 


° Jas dX (7.50) 


t,X1,.. Xj 


b 
D'(A)=-| D(x. A) dx (7.51) 


From this relation, it follows that if Ag is a zero of order p of D(A), then it is 
a zero of order (p— 1) of D(A), and consequently, Ay may be a zero of order 
at most (p — 1) of the entire function D(x,t;A). Thus, Ap is the pole of order 
at most p, particularly, if A) is a simple pole of D(A), then D(Ag) = 0, D(Ag) 
# 0 and Ay is a simple pole of the resolvent kernel. Moreover, it follows 
from Eq. (7.51) that D(x,t;A2) # 0. In this particular case, it is observed from 
the following equation: 


b 
D(x,t;A) = K(x,)D(A) +A] K(x,z)D(z.t5A) dz 
ie., if D(A) = 0 and D(ix,t;A) # 0, then D(x,t;A), as a function of x, is a 
solution of Eq. (7.45) and so is oD(x,t;A), o being an arbitrary constant. 


Classical Fredholm Theory 149 


We now consider the general case when A is a zero of an arbitrary multiplicity 
m, 1.€., when 
D(A) = 0 and D™(Ay) # 0, (7.52) 


where r = 1,2,..., m — 1. 
Differentiating n times the Fredholm’s first series, i.e., Eq. (7.49), and obtain 


D(A) = co" fuf[ 


oo Ay 


+O LS 


Hs 
far aainaty 
a dX, 


Xp Xq 500 


oe Mint po Xn] 
J |. | Kl dx, dxy...dX,,; (7.53) 
aa Xy 3X 


ntl Xing] 


Now comparing Eqs. (7.51) and (7.53), we have 


D(A) =(-1)" fufo, cae 


Xp Xq 505 Xp, 


i alts (7.54) 


which is a relation between nth derivative of the Fredholm function and 
Fredholm minor of order n. From Eq. (7.54), it is concluded that if Ap is a zero 
of order m of the function D(A), then the following holds for the Fredholm 
minor of order m for that value of Apo: 


Xp Mepis sgh 
D, 1592; m 
ee 
Thus, there may exist minors of order lower than m, and which also do not 
identically vanish. 


We now establish the relation among the minors that corresponds to the 
resolvent formula 


is 0 (7.55) 


b 
R(x, tA) =K(x,t) +a [KORE t:A)dz 


Expanding the determinant under the integral sign in Eq. (7.47), 
K(x,,t) K(x,,t))...KQ%y,t,) K(x,2))...K(%),Z;) 


K(Xy,t,) K(%2,t))...K(%,t,) K(%,2))...K(%2,Z;) 


K(x,,t,) K(x,,t))...K(x,.t,) K(%,.2)).-KO,, Z;) (7.56) 
K(Z,,0) K(2,ty)..K(Z,,t,)  K(21,2)--K(1,2;) 


K(z;,t,) K(Zj,ty)...K(Z;t,) K(Z;,2))...K(Z;,2; 
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in terms of the elements of the first row and integrating 7 times with respect 
to 21, 2, -.., Z for j 2 1, we obtain 


sly oZ ho J=l 


bh b 
le Jx(*~ ule ‘Vi dz, ye 1 K(x1t,) 
aa to. 323 


b b 

Xp pevegppevey Ny Zy yeeeyZj Pp re 
x jf . pews +¥(-) 
aa J 


porrolppolpay oes bysZpsees ll 


? ? X95 gesie'g v4 4 geisie'9 geen ZG 
« of eoveon eee ed Joey (7.57) 
a ? . 


a G geval pols 219279009 Z]_] 9 Z]4]oZ 

Here, it is noted that the symbols for the determinant K on the right-hand 
side of Eq. (7.57) do not contain the variable x; in the upper sequence and the 
variables ¢, or z; in the lower sequence. Further, by transposing the variable x, 
in the upper sequence to the first place by means of / + n — 2 transpositions, 
it is followed that all the components of the second sum on the right side are 
equal. Therefore, Eq. (7.57) can be writtern as 


ag Zy n 
Jas dz, = (-1)'""K (x,t) 


I=1 


b b 
Ney caeg Rs Zisers ss 
x bale 7 : dz,...dz, 
bis. Z; J 


i sive fal eases zap devns 


b ee ee re re 
~j{K(,,2) jf : aco dz,,|dz (7.58) 
a a 1 


: by ola yeeoby Zo 925 


where the subscript / from z has been omitted. 
From Eqs. (7.57) and (7.58), we find that Fredholm minor satisfies the 
following integral equation: 


Hy 5X9 401g X ie Dre: 
o,| pee ee a} Sev acute ere ) 
Fit east, hist t 


I=1 pores poligt ely 


+2 FRU 20, F Naeem 


plas 


"la Jt (7.59) 


Expanding the determinant shown in Eq. (7.56) with respect to the first column 
and proceeding as above, we obtain the integral equation: 
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pS iuaatacdestan a 


Xe X, ee Xy yey Xp poXpyporXy, 
D, 1 4, =V Gy Kt) Dia 1 I-19 1+1 dz 
as a t 
b 
Xe Xp 
+A [K(z, i02| Je (7.60) 


. Zylyy. 


The relations shown in Eqs. (7.59) and (7.60) hold for all values of A. 
With the help of (7.59), one can find the solution of Eq. (7.45) for the special 
case when A = Ag is an eigenvalue of the kernel, by supposing that 2 = Ag 
is a zero of multiplicity m of D(A). Then, as mentioned earlier, the minor 
D,, # 0 and even the minors D,,D)...,D,,.; may not identically vanish. 
Suppose D,.is the first minor in the sequence D,,D3...,D,,_; such that D, 4 0. 
Then number r must be between 1 and m and is the index of eigenvalue Ap. 
It thus follows that D,_, = 0. Then Eq. (7.59) shows that 


Xy5Xq 50005 X), 


2(x) = o,f i) (7.61) 


Ane es 


is a solution of Eq. (7.45). Substituting x at different points of the upper 
sequence in the minor D,, we obtain r non -trivial solutions gx), (i = 1,2, ..., 7) 
of Eq. (7.45) which are often written as 


1 elie daa i] 
oe ere yt, . (=1,2,...") (7.62) 
Hy grey Xj_y Hz nH yy yeeey 
a L I+ r i] 
D sesdeedenate rs 


in which the denominator is non-zero. 
We now establish that solutions @; given by Eq. (7.62) are linearly independent. 
In the determinant shown in Eq. (7.56), if we put two of the arguments x; equal, 
this is equivalent to having two rows equal, and consequently, the determinant 
vanishes. Thus in Eq. (7.62), we see that @(x;) = 0 fori # k, whereas ¢ (x;) = 1. 
Now, if we have a relation of the form Yicdk = 0), then putting x = x;, we 


k 
get c; = O and so the solution @; are linearly independent. This system of 
solutions @; is known as fundamental system of eigenfunctions of Ao, and any 
linear combination of these functions gives a solution of Eq. (7.45). 
Conversely, it can be shown that any solution of Eq. (7.45) must be a 
linear combination of @,(x), (x), ..., @(x). For this purpose, we define a kernel 
H(x,t;A), which corresponds to the resolvent kernel R(x,t;A) of Section 7.2. 


XG Nyy cvy Hy 
D, +1 | 


ee 
H(x,t;A)= ; (7.63) 
NM pseesl,- 
D. Ag 
se 
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Putting n = r and adding extra arguments x and f in Eq. (7.59), we obtain 


Xy Xp yeeyXy Xyyeeg Xp 
Daal 


is }-KCHND , 


Liesl, aad = 


Ae + ¥ CK (x0) 


: XX 5-005 X, 
Ay |+ Ag [K(2,0)Dp a1 - 
a 


a’ lorseolpy 


* Kissy Mpg Xp es Xp 
H 


Gita cigl 


i) (7.64) 


In each minor D,, of Eq. (7.64), we transpose the variable x from the first 
place to the place between the variables x,_; and x),,; and divide both sides 


by the constant 
Xp yee X 
Dy, 1 r 
eee 


b P 
(x,t; A) — K(x,t) — Aq J H,z; A)K(z,t)dz = -)'K(x;,1) $,(x) (7.65) 
a /=1 


Ao #0 
to get 


Now suppose that g(x) is an arbitrary solution of Eq. (7.45). Multiplying both 
sides of Eq. (7.65) by g(t), and then, integrating both sides with respect to f 
from a to b, we get 


b b F 
stomata 22— f geyHtx,2:A)de=-Y EP 60) 7.66) 
a 0 a l=] 0 


where we have used Eq. (7.45) in all terms except the first. Further, we have 
also taken 


b 
Ay [K(x (dt = g(x) 


Cancelling the equal terms in Eq. (7.66), we obtain 


a(x) = >) g(x) o)(x) 
l=] 


It, thus, completes the proof. 


7.5 FREDHOLM’S THIRD THEOREM 


Statement: For the non-homogeneous integral equation of the second kind 
b 
ax) = fla) +Ay [KNgOdt (7.67) 


to have a solution in the case D(A) = 0, it is necessary and sufficient that the 
given function f(x) is orthogonal to all the eigenfunctions hx), i = 1,2,..., n of 
the transposed homogeneous equation corresponding to the eigenvalue Ap, and 
then, the corresponding general solution has the form 
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ia 


| fat +¥ 66x) (7.68) 
l=] 
0 


XX 5X7 50005 X 
» Prt 
* oe ree 
a(x)= SO) +A J 

2 oD ere 


b 
Proof: Consider g(x) = f(x) +4 [KD g@at . 


Let the transpose (or adjoint) of Eq. (7.67) be 
b 


h(x) = f(x) +a [K(.xh@at (7.69) 
Now, for the transposed Eq. (7.69), Fredholm’s first and second series D(A) 
and D(t,x;A) are given by 


2 jo 8 | er 
D(A) =1+ dz)....dz; (7.70) 
A a: Phe oj 
oe GO Bb fez oz, 
and D(t,x; A) = K(t,x) + Die ay I. JK ie Jl (7.71) 
j=l aoa Perr 


respectively. From this fact, it follows that kernels of Eq. (7.67)and its transpose 
in Eq. (7.69) have the same eigenvalues. Further, the corresponding resolvent 
kernel for Eq. (7.69) is 

R(t, x; A) = D(t,x;A)/D(A) (7.72) 


and hence, the solution of Eq. (7.69) is 


* D(t, x;A) 


h(x) = f+ oem 


—— f(t) dt (7.73) 
provided A is not an eigenvalue. 

Next, it is obvious that not only the transposed kernel has the eigenvalues 
as the original kernel of Eq. (7.67) but also the index r of each of the 
eigenvalues is equal. Moreover, the eigenfunctions of the transposed equation 
for an eigenvalue Ag are given by 


D Xo s009 X), 
eT A 
h.(t)= 1 i-l i+] r (7.74) 


: eee 
4 
ae Ae epee 


where the values (xj, ...,x,) and (f;, ..., ¢,) are to be so chosen that the denominater 
does not vanish. Substituting r in different places in the lower sequence of 
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this formula, we obtain a linearly independent system of r eigenfunctions. 
Also, we know that each @; is orthogonal to each with different eigenvalues. 

Suppose g(x) is a solution of Eq. (7.67). Then, multiplying Eq. (7.67) by 
each member h(x) of the above-mentioned system of functions and integrating 
with respect to x from a to b, we obtain 


b b bb 
J fh, (x) dx = | g(xh, (x) dx -A] [ K(x.) gh, (xd dt 


b b b 
J f@)A, (2) de == Jf g(a)| h,)- A] Kh, (dt |x (7.75) 


Since h(x) is an eigenfunction of the transposed homogeneous equation, 
therefore 


b 
h, (x)= A K(4x)h, (t) dt (7.76) 


where A is the corresponding eigenvalue. Now, from Eqs. (7.75) and (7.76), 
we have 


b 
J f0dA, (x) dx = 0 (7.77) 


Thus, it follows that a necessary condition for Eq. (7.77) to have a solution 
is that the non-homogeneous term f(x) be orthogonal to each solution of the 
transposed homogeneous equation. 

Conversely, now it will be proved that the condition Eq. (7.77) of 
orthogonality is sufficent for the existence of a solution. In what follows, we 
shall also obtain an explicit solution in such a case. At this stage, we define 
a kernel H(t,x; A) as follows: 

XH saves %, 
Dy 41 A 


Eh sndt, | 
(7.78) 


x, 


wherein it is assumed that D, # O and that r is the index of eigenvalue Ap. 
To prove the required result, we show that if the orthogonality condition is 
satisfied, then the function 


A(t,x;A)= 


b 
B(x) = f(x) + Ay [HOGA SO dt (7.79) 


is a solution. 
Substituting this value for g(x) in Eq. (7.67), we have [by referring to Eq. (7.65)] 


b b b 
f(x) + Ag [HG A) SOdt = £0) + Ag [K(.0] SO + Ag [HL AS) az |at 
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b b 
or ao) dt| H(t,z;A) — K(x,t)—- Ay | K(x.2) He, t,A)dz |=0 (7.80) 
Proceeding similarly, we obtain its transpose as 
b r 
H(x,,2) — K(x.) — Ag [J K(x,2)H (2,6 )dz = - ¥. K(x,t, hy (0) 
a p=l 


Substituting it in Eq. (7.80) and making use of the orthogonality condition, 
we have an identity, and thus, it is proved. 

Here, the difference of any two solutions of Eq. (7.67) is a solution of 
the homogeneous equation. Hence, the most general solution of (7.67) is 


b r 
a(x) = f(x) + Ag f Hs Af at +>, c,6,(0) 
a p=l 


EXERCISE 7.1 


1. Using the Fredholm determinants, find the resolvent kernel of the 
following kernels: 


(a) K(x,f) = sinx — sint, OS x<2m7,0St< 27 
(b) K@,2) = 2ee", a= 0, b= 1 
2. Using the recursion relations, find the resolvent kernels of the 
following kernels: 
(a) Kaj=xt+tt+1,-lsxsl1,-lsr<l 
(b) K(x,f) = sinn+,OSx< 27,05 tS 220 


3. For the integral equation 


b 
a(x) = f(x) +A] K(x, g(Oat 


compute D(A) and D(x, t; A) for the following kernels for the prescribed 
limits a and b: 


(a) Kx, =sin(x+1),a=0,b=7 
(b) Kix.) =e",a=0,b=1 

4. Determine the resolvent kernel, and hence solve the following integral 
equations: 


1 
(a) g(x) =e" - fe" 'g(de 
0 


2% 
(b) g(x) =cos2x + J sin x cost g(t) dt 
0 
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Answers: 


1. (a) R(x,t,A) = sin x —sint — Am(1 + 2sin xsinf) 


14477? 
2e*e' 
1-A(e* -1) 
x+t4+142A(xt+1/3) 
1-24 -(4/3)A’ 


(b) R(x,t;A) = 


2. (a) R(x,t;A)= 


sin(x +f) + 2A cos(x — ft) 
1-27)? 
3. (a) D(x,t;A) = sin(x +1) + (Am/2)cos(x —1), D(A) = 1-(27/4)A? 
(b) D(x,t;A) =x, D(A) =1- 422 


(b) R(x,tA) = 


1, 
4, a) B05 © 
(b) g(x) =cos 2x 


>, 
~~ 
G 


7 
~e 
on 


G 


q CHAPTER 8 


Integral Transform Methods 


8.1 INTRODUCTION 


The integral transform methods provide a useful tool for the solution of integral 
equations of various special forms. Let the following double integral exist: 


bb 
a(x) = | [F(t K (4.0. gO dt dt, (8.1) 


aa 


This double integral can be evaluated as an iterated integral. 
b 
If we take f(x)= [Ke g(t) dt, (8.2) 


then from Eq. (8.1), we have 
b 
a(x) = [ F(x.) fat (8.3) 


Thus, if Eq. (8.1) is regarded as an integral equation in g, a solution is 
given by Eq. (8.2), whereas if Eq. (8.3) is regarded as an integal equation in 
f, a solution is given by Eq. (8.2). It is conventional to refer, one of these 
functions as the transform of the second function, and to the second function, 
as an inverse transform of the first. 

Some examples’ are given here. 

1. The most well-known double integral Eq. (8.1) is the Fourier integral 


_ 1 rn —isx —ixt 
a= J Je ee g(t)dt dx 


—co —co 


which results in the reciprocal relations as: 


—ist g(t) dt 


f=z= Je 


* Refer to Chapter 6 of Integral Transforms published by RBD. 
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and has g(s)= i f e f(t) dt 
u —co 


The function f(s) is known as Fourier transform of g(f) and g(s) as the 
inverse Fourier transform of f(t), and vice versa. 


277. : 
2. Considering the double integral g(s) = =| J(sin sx sinxt)g(t)dx, we 
00 


j27. i 
find that this leads to the sine transform f(s) = = | (sinst) g(t)dt and its 
T 
0 


(27... 
inverse as, g(s) = = (sin st) f(t) dt, respectively. 
1 
0 


8.2 SINGULAR INTEGRAL EQUATION 


Singular integral equations occur frequently in mathematical physics and 
possess very unusual properties; hence, their solutions are quite essential. 


Definition: An integral equation is called singular if either the range of 
integration is infinite or the kernel is discontinuous. 
For example, the singular integral equations of the first kind are: 


f(x) = [sin (xt) 9(t) dt (8.4) 
0 


f(x)= Je eoat (8.5) 
0 


In Eqs. (8.4) and (8.5), the range of integration is infinite, while in integral 


j & (¢ ) 
= d 8.6 
t(x ) ; oa t (8.6) 


the range of integration is finite, but the kernel is discontinuous. 


The Abel’s Integral Equation 


One of the simplest form of singular integral equation, which appears in 
mechanics, is the Abel’s integral equation, given as, 


ts 
= dt, 0 1 8.7 


where g(t) is an unknown function to be determined and f(x) is a known 
function. 
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8.3 LAPLACE TRANSFORM 


Definition: Let f(x) be a function defined for x > 0. Then, the Laplace 
transform of f(x), denoted by L{f(x); p} or F(p), is defined with the help of 
the following integral: 


Lif(x); p} = F(p) = fe fxd (8.8) 
0 


provided that the integral exists. It is to be recollected that the Laplace transform 
of f(x) exists if the integral in Table 8.1 shows Laplace transform for same 
elementary functions. Eq. (8.8) is convergent for some designated values of p. 


Table 8.1 Laplace Transform for Some Elementary Functions 


S.No. fx) L{(x); p} or F(p) 
ils 1 I/p, p > 0 
2. x", n is positive integer nip}, p>o 
3. xn>-l Tin + Lip"! p>0 
4. et lp -a),p>0 
5: sin ax al(p’ +a’), p>0 
6. cos ax pp? +a’), p>0 
7. sinh ax al(p’ — a’), p > |a| 
8. cosh ax pl(p’ - a’), p > ja| 
9. 


Jo(ax) 1/ [2 gar 


10. J,(ax) tp? +a? — py" 
ll. i ew 
12. erf (Vx) Wpp+l} 
13; Ke Td -ap™! 


8.4 SOME IMPORTANT PROPERTIES OF LAPLACE TRANSFORM 


1. Linearity property: If fori e¢€ {1,2, ..., n}, c; are constants and f(x) 
are functions with Laplace transforms F;(p), respectively, then 


Lie f(x) + +6, fy D5 PE = CLE )s PE + +, LAF, 3 PH 
LAG F(X) Fe GG OPT =O (p)+++¢,4,@) 


* For details of Laplace transform and its inverse, the reader can refer to the recent book 
on Integral Transforms published by RBD. 
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2. Change of scale property: If L{f(x);p} = F(p), then 
1 
L{ flax); p} = —F(pla), a > 0 
a 
3. First shifting or translation property: If L{ f(x); p} = F(p), then 
L{e fx); p} = F(p + a). 
4. Second shifting property: If L{ f(x); p} = F(p) and 
f(x-a),x>a 7 
g(x) = , then L{ g(x); p} = eF(p). 
0 ,x<a 
5. Laplace transform of derivatives: If L{ f(x); p} = F(p), then 
(a) L{f'(x); p} = pF(p) — f(O),where f(x) is continuous for 0 < x < N and 
is of exponential order for x > N, while, f(x) is sectionally continuous for 
O<Sx<QN. 
(b) L{f"(x); p} = p’F(p) — pf(O) — f'(O), where f(x) and f(x) are continuous 
for 0 < x < N and are of exponential order for x > N, while f"(x)is sectionally 
continuous for 0 <x <N. 


6. Laplace transform of integrals: If L{f(x);p} = F(p), then 
i F(p) 
iff nore] =A 
0 P 
7. Multiplication by powers of x: If L{ f(x); p} = F(p) then 


L{x" f(x); p} =(-1” é —F(p) = (-l)"F"(p) 
dp 


8. Division by x: If L{f(x);p} = F(p), then 1) 22: p} = [rena 
f(x) @ p 
x 


exists. 


provided lim 
x0 


9. Initial value theorem: Let f(x) be continuous for all x 2 0 and be of 
exponential order as x + oe. Also suppose that f(x) is of class A. Then, 


lim f(x) = Nik PLAS (x); P} 


10. Final value theorem: Let f(x) be continuous for all x = 0 and be of 
exponential order as x > oo. Also, suppose that f(x) is of class A. Then 


lim f(x) = lim pL{f(x); pj 
Xoo p-0 
11. Laplace transform of periodic function: Let f(x) be a periodic 


function with period @ > 0, ie., f(x + na) = f(x), for n = 1,2,... 


a 


JePsea)ar, 


0 


then, Lif (x); P} = | ePa 
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8.5 INVERSE LAPLACE TRANSFORM 


Definition: If the Laplace transform of a function f(x) is F(p), i.e., L{ f(x); p} 
= F(p) then f(x) is called inverse Laplace transform of F(p), and we express 


-l 
F(x) = LF (p)3 x} 
where L™ is known as the inverse Laplace transformation operator. 
Table 8.2 shows inverse Laplace transform of some elementary functions. 


Table 8.2 Inverse Laplace Transform” of Some Elementary Functions 


S.No. F(p) L"{F(p); x} or f(x) 
L. Up 1 
2 1/p"*! (n is a positive integer) x"In\ 
3. I/p**! {Re(a) >-1} xT (a+ 1) 
4. I(p — a) 
5. I(p* + a’) sin ax/a 
6. pi(p? + a’) COS ax 
7. I(p* — a’) (sinh ax)/a 
8. pl(p? — a’) cosh ax 
9. 1/ Vw? +a) Jo(ax) 
10. Wipe +0} erf (Vx) 


8.6 SOME IMPORTANT PROPERTIES OF INVERSE LAPLACE 
TRANSFORM 


1. Linearity property: If for all ie {1,2, ..., n}, c; are constants and 
F(p) are the Laplace transforms of f(x), respectively, then 


L {c\F(p) ++ +6, F, (p)sx} = LF (p)sx} ++ +¢,L 4, (p)3x} 


Le F(p) ++ +0¢,F,(p)sx} =o f(x) t+, f(x) 


2. Change of scale property: If L7!{F(p); x} = f(x), then 


L'{F(ap);x} = : f(x/a),a>0- 


3. First shifting or translation property: 


If L'{F(p); x} = foo, then L7 {F(p—a);x} =e" f(x) =e" LF (p);x}. 


* The reader is advised to refer to Table 8.1 simultaneously. 
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4. Second shifting property: If L7!{F(p); x} = f(x) and 


7 0 > «<a 
then L7! {e~? F(p);x} = g(x) 


or L fe“ F(p);x} = f(x — a) H(x a), 
where H(x — a) is the Heaviside unit function. 


5. Inverse Laplace transform of derivatives: If Le (p); x} = f(x), then 
LF"(p);x} = 1" {2 . repss| =(-1)"x"f(a),n=1, 2, 
lp 
6. Inverse Laplace transform of integrals: If L™!{F(p); x} = f(x) then 
T [jr on = Ls) 
Xx 

Pp 

7. Multiplication by powers of p: If L'{F(p); x} = f(x) and f(0) = 0, 
then L"'{pF(p); x} =f). 


Further, if f(0)=f’(0)=---=f”1(0)=0, then the above result is 
generalised as 


: d” 
L" {p"F(p);x} = f" (x) =——f(). 
dx 
8. Division by powers of p: Let L7'{F(p); x} = f(x). Then, 
(a) Ll IO =| f(u)du, 
0 
(b) L! FW). =| ff dudv 
00 
(c) Fu). =[f-| Ff (x)(dx)". 
00 0 


8.7, CONVOLUTION OF TWO FUNCTIONS 


The convolution of f(x) and g(x) is expressed and defined as 


f*g= | fg(x udu 
0 


or f¥g= | f(x-wgu)du 
0 
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The convolution theorem (or convolution property) 


Let f(x) and g(x) be two functions of class A and let L“'{F(p); x} = f(x) and 
L'{G(p); x} = g(x). Then, 


LF (p) Gp): x} = J fg(x-w) du= f*g. 
0 


One useful form of the above is 


Lif *g) = F(p) Gp) 


1.e., iffrnae —u) ah -1|frt —u) cena = F(p) G(p). 
0 0 


8.8 THE HEAVISIDE EXPANSION FORMULA 


Let F(p) and G(p) be polynomials in p, where F(p) has degree less than G(p). 
Now, if G(p) has n distinct zeros @,, r = 1, ..., n, then 


LU! {Aaxl-S F(G,) eo, 
G(p) G'(a@,) 


r=1 


8.9 THE COMPLEX INVERSION FORMULA 
If f(x) has a continuous derivative and is of exponential order y for large 
positive values of x, where y> 0 and if F(p) = L{f(x); p}, then 


Y tice 


EMF (pix}=fee)=5— J eF(p)dp.x>0 
Y—iee 


i 


and f(x) = 0; x <0. 


8.10 INTEGRAL EQUATIONS IN SPECIAL FORMS 


1. Integral equation of convolution type: The integral equation 
a(x) = f(x) + [K(x-1) gat 
0 


wherein kernel K(x —- f) is a function of the difference only, is known as 
integral equation of convolution type. Applying the definition of convolution, 
it can be expressed as 


8x) = flx) + K(x) * g(x) 
2. Integro-differential equation: An integral equation in which 


derivatives of the unknown function g(x) are also present is said to be integro- 
differential equation. For example, 
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2 x 
ee = g(x) +sinx + Jeos(x —u) g(u)du 
dx 0 


8.11 APPLICATION OF LAPLACE TRANSFORM TO FIND THE 
SOLUTIONS OF VOLTERRA INTEGRAL EQUATION 


8.11.1 Convolution Type Kernels of Volterra Integral 
Equation: Working Procedure 


Let the Volterra integral equation of the first kind be 


flx) =] KD godt (8.9) 
0 
or f(x) = K(x) * g(x) (8.10) 


where kernel K(x — f) is a function of the difference (x — 1). 
Let L{g(x); p} = G(p),  L{K(x); p} = K(p) 
and L{f(x); p} = F(p) (8.11) 
Now, applying the Laplace transform to both sides of Eq. (8.10) we get, 
Liflx); p} = L{K(a)*g@)} 
or F(p) = K(p) G(p)_ (using the convolution theroem) 


or G(p) = F(p)/K(p) (8.12) 
Now, applying the inverse Laplace transform to both sides of Eq. (8.12) 


we get, 
_ 1) F(). 
es (eess} 


2. Let Volterra integral equation of the second kind be 


_ ex) = 0) + fKOe-dg(Odt 
g(x)= 4 


(8.13) 
= f(x) + K(x)* g(x) 
Applying the Laplace transform to both sides of Eq. (8.13), we get 
Lig(x); p} = Lif (a); pi + LiK (x) * g(x) 
or G(p) = F(p) + K(p)G(p) [using Eq. (8.11) and the convolution theorem] 


. ORD 


(8.14) 
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Now, applying the inverse Laplace transform to both sides of Eq. (8.14), 
we obtain. 


ad=E"} F(p) } 


1—K(p)’ 


8.11.2 Resolvent Kernel of Volterra Integral Equation by 
Using Laplace Transform 


In order to find the resolvent kernel of the integral equation [Eq. (8.13)] in 
which kernel K(x — t) depends on the difference (x — f) by integral transform 
methods, we first show that if the original kernel K(x,t) is a difference kernel, 
so is the resolvent kernel. 

We know that the resolvent kernel R(x, f) is a sum of its iterated kernels, 
1.63; 


R(x, = DEC Rs Ges t)+K,(x,t) ++: (8.15) 
m=1 
[It is to be noted that here, A = 1, so, we have used symbol R(x, ft) in place 
of usual symbol R(x,t; A]. 
Further, the iterated kernels K,,(x,t) are given by 


K,(x,t) = K(x,t) (8.16) 
and K,(x,t)= [K(x2)K,(2.0d, n=2,3,.... (8.17) 


t 


Since K,(x,t) = K(x,?), therefore by Eq. (8.16), we have 

K\(x,t) = K(x,t) = Kx -f) (8.18) 
Taking n = 2 in Eq. (8.17), we get 
K,(x,t) = [K(x,z) K\(@,0) dz = [K(x -2)K(z-0)dz 


t t 
x-t 
K, (x,t) = J K(x -t-—u)K(u)du [By taking z-t =u] 
0 


This shows that K,(x,t) depends only on the difference (x — ft). Proceeding 
similarly, we can show that K3(x,f), K4(x,f) ... also depend only on the 
difference (x — t). Now, from Eq. (8.15), it follows that the resolvent kernel 
will also depend only on the difference (x — t). Therefore, we can take that 


R(x, t) = R& - 2b) (8.19) 
Now, it is known that the solution of Eq. (8.13) is given by 


a(x) = f(x) + [ROO S(Odt 
0 
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or atx) = f(x) + [RO —Of(Odt (8.20) 
0 


Applying Laplace transform to both sides of Eq. (8.20), we get 
Lig(x); py = Lif (x); pt + LiR(x)* fh 


or G(p) = F(p) + R(p) F(P) (8.21) 
where, G(p) = L{g(x); p}.F(p) = Léf(x); p}and Rp) = L{R(x)sp} (8.22) 
Using Eq. (8.14) for G(p) in Eq. (8.22), we get 
F(p) 
1—K(p) 
1 K(p) 
R = -l= 8.23) 
7 TKD 1-KO) 
Now, applying the inverse Laplace transform to both sides of Eq. (8.23), 
we get 


=F(p)[l+ R(p)] 


R(x-)=L" {ae 
1—K(p) 


8.11.3 Solution of Integral Equations of the Type 
F(x) = [K(x? -t?)g(t)at, (x >0) by using Laplace 


0 
Transform: Working Procedure 
Let f(x= KG? —t’)g(t)dt, (x >0) (8.24) 
0 
xu! tao! gv) = sv lav!) and fiw) = ful?) — (8.25) 
Then, Eq. (8.24) takes the form 


fw) =JKu-v)g (dv, (u>0) 
0 


fim =Ku)* 3) (8.26) 
Taking Laplace transform of both sides, we get 
Fi(p) _ PF?) 
F,(p) = K(p).G,(p) > G,(p) == = — (8.27) 
Kp) PK(D) 
1 
Now, let pK) = H(p). (8.28) 
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Then, Eq. (8.27) becomes 
d u 
G,(p) = pH(p) F\(p) = 4 Jaw-y 40) | 
0 
which on taking inverse Laplace transform gives 
d u 
g(u)=—[h(u-v) f(v)dv (8.29) 
du» 


where h(x) = L7!{H(p); x}. 
Finally, from Eq. (8.25) and (8.29), we have the required solution as 


d x 
a(x) =2—Jt fAG? — Pat (8.30) 
dx 5 
EXAMPLE 8.1: Solve the following Abel’s integral equation: 


t_ 3) 
= d 
(a) f(x) a: t 


0<a<l 
(b) [Oj arale sex? 
niet) 


Solution: (i) The given integral equation is of convolution type, and therefore 
expressing it as: 
Sx) = gxy*x™ (i) 
Taking Laplace transform of both sides of Eq. (i) and applying the 
convolution theorem, we have 


Lf (x); p} = L{g(x); p} .L{x*; p} 


or F(p) =G(p) 
PRP) P - 
or G(p)= Ti = aan [T(@) p “F(p)] 
G(p) = 2a) p*F(p)] 
(x / sin 7a) 
(. [(a) Pd - a) =2/sin za) 
G{p) = 28™ 5 « pep, 
G(p)= sin 0, pL 2 (x -t)*” : f(t) | (By convolution theorem) (ii) 
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Let h(x) =| (x —1)*" f(t) dt (iii) 
Now, L{h'(x); p} = pL thsisp —h(0) = pL{(x);p}—h(0) = 0} 
or poffr-oe rodeo} =L{h'(x);p} [by Eq. (iii)] (iv) 
Using Eq. - in Eq. (ii), we get 
Gp) == Linx p) 


Now, taking inverse, we have 
a(x) = G(p)sx) = i Gap a 
m dx Lo 
(b) Rewriting the given equation in convolution form, we have 
g(x)* xl? =l+x4+x? (v) 


Taking Laplace transform of both sides of Eq. (v) and using the convolution 
theorem,we have 


L{g(x)} L617} = LU) + La} + LO} 


rd/2)_1. 1. 2! 


or G(p) +—+— 
pi? D Pr ” 
1 1 1 2, 
or G(p)= + + (vi) 
Vn pi? pe pe? 


Now, applying the inverse Laplace transform to both sides of Eq. (vi),we 


obtain 
g(x)= +l {12 +L {a} +2L 4—— 
Ss pi? pe? pe? 


1/2 1/2 3/2 
x x 2x 


80) = tl toot *T672) 


1 
g(x)= la? fa tp (8 / 30771, (Upon simplification) 
1 


EXAMPLE 8.2: Solve the integral equation sin x = Joo (x —t) g(t) dt. 
0 
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Solution: The given integral equation may be expressed in convolution form 
as 
sinx = g(x)*Jo(x) (i) 
Taking Laplace transform of both sides of Eq. (i) and using the convolution 
theorem, we have 


Lisin x} = Lig(x)} LiJo(x)} 


1 1 
or 7—= 6) = 
por p +i 
or G(p)= 


1 
Vp +l 


Now, taking the inverse Laplace transform, we have 
B(x) = L{G(p);x} = Jo(x) 


x 


EXAMPLE 8.3: Solve the integral equation x = hee g(t) dt. 
0 


Solution: The integral equation may be written in convolution form as 
x= et * g(x) (1) 


Now, taking Laplace transform of both sides of Eq. (i) and using the 
convolution theorem, we get 


Lx} = Lie* * g(x)} = Lie} -Lig(x)} 


1 1 
or = =—= Gp) 
p pol 
-1 1 1 . 
or Gp)="-=--= (i) 
P P p 


Taking the inverse Laplace transform of Eq. (ii),we obtain 


g(x) =L'{G(p);x} =L" {+} aie {=| 
x, P 


or g(x) = 1—--x. 

EXAMPLE 8.4: Solve the integral equation g(x) =1+ jsinc —t) g(t) dt and 
verify your answer. 

Solution: The given integral equation can be rewritten in convolution form as 


g(x) = 1 + g(x)*sinx (i) 
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Taking Laplace transform of both sides of Eq. (i) and using the convolution 
theorem, we get 


Lig(x)} = Li + Ligtx)s Lisin x} 


1 1 
or GQ) =—+G)-—; 
P pti 
1 1 
or 1- G(p) =— 
2 
+1 
or G(p)=2 oo 
P p 
Applying Laplace inversion, we get 
x - 
=1+—-=1+— (ii) 
g(x) rT 5 


Verification of solution: Now, we show that Eq. (ii) satisfies the given 
integral equation. 


g(x) =1+ | sin(x-2) g(t)dt 
0 (iii) 

From Eq. (ii), g(x) = 1 + («/2) 

Thus, the R.H.S. of Eq. (iii) provides 


1+ fsin(x-1(1+2°/2)dt 
0 


2 es 
=] {(: +E Jeo -») — [tcos(x—ndt 


0 0 


v) x 
=1+1 ea cos x -[trsins —ft)]p + Jsin(x - oa 
0 


2 
=? a cosx —[cos(x —1)]j 


‘ 2 
=2+7-—cosx—(1-cosx)=1+=—= g(x); 


= L.HLS. of Eq. (iii) 
EXAMPLE 8.5: Solve the following Volterra integral equation of the first kind: 


J s@g(x— Dat = 16sin 4x 
0 
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Solution: The given integral equation can be written as 
g(x)*g(x) = 16 sin 4x (i) 


Taking Laplace transform to both sides of Eq. (i) and applying the 
convolution theorem, we have 


2_ 4 
Lig(x)} 16 4] 


8 


Lig(x)}=+$7=— 
ap’ +16 


Now, taking inverse Laplace transform,we have 


g(x)=L" cee. =+8J,(4x) 
Vp? +16 


EXAMPLE 8.6: Solve the following integral equations: 


or 


(a) g(x)=e* - 2 cos(x —t) g(t)dt 
0 


w scares [0 alot 


Solution: (a) Rewriting the given integral equation, we have 
g(x) = e* — 2g(x)*cosx (i) 


Applying Laplace transform to both sides of Eq. (i) and using the 
convolution theorem, we have 


Lig(x)} = Lie} —2L[g(x)]L {cos x} 


or Gp) = -26(p) 
ptl pt 
2 
G(p) = pti 
or (p) (p 4D 
[(p+)-17 +1 7 
Eps 
or (p) (pay (ii) 


Now, applying inversion of Eq. (ii), we get 


_ al ((+)-1P +1 
g(x)=L fietuctet +p | 
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2 
g(x)=e7L! {e=st} (By first shifting theorem) 
2 
cert cool 2.2) 
Dp P p Pp 


wo-efe tho (sforts 


g(x) =e 7 [1-2x +2(x? /2!)] 
g(x) =e 7% (1-2x+x7) 
or g(x) =e (1-x)’ 


(b) Rewriting the given integral equation, we have 


g(x)=xt+ =" * 9(x) (iii) 


Applying Laplace transform to both sides of Eq. (iii) and using the 
convolution theorem, we have 


Lig(x)} = Lx} +160 }.Lfa(a)} 


1 13! 
or G(p) = + G®) 
p 6p 
1 1 
or ctp| ie] 45 
i] 1 1 
or G — + 
(P) = a] 


Now, applying inversion, we obtain 
1 
g(x) = 3 (sinh x+sin x). 
EXAMPLE 8.7: Solve the following integro-differential equations 


(a) g'(x)=sinx+[g(d)costdt, where g(0) = 0. 
0 


(b) g'(x)+5]cos2(x 1) g(Ndt =10, where g(0) = 2. 
0 


Integral Transform Methods 173 


Solution: (a) The given integral equation can be written as 
g(x) = sinx + g(x)*cosx (i) 


Also, given that g(0) = 0. (ii) 
Applying Laplace transform to both sides of Eq. (i) and using the 
convolution theorem, we obtain 


Lig'(x)} = L{sin x} + L{g(x)}L {cos x} 


1 

or pG(p)- (0) ==— + Gp) 

p til p +l 

1 1 : bs 
or _ 5 pG(p)= 5 [Using Eq. (ii)] 
p tl p tl 

or Gp)=— (iii) 

P 


Now, inverting Eq. (iii) to get 


(x)=! 25 sooe 
. pit 2! 2° 


(b) The given integral equation may be written as 
g'(x) + 5[cos2x*g(x)] = 10 (iv) 
Also, given that g(0) = 2. (v) 


Applying Laplace transform to both sides of Eq. (iv) and using the 
convolution theorem, we get 


L{g'(x)} + 5L {cos2x} L{g(x)} = 10L {1} 


10 
or pG(p)- 90) +5 —G(p) = — 
i p 
5 10 
or Les pG(p)=— +2, [Using Eq. (v)] 
p +4 Pp 
2p+10 p> +4 2p?+10p? +8p+40 
P p +o pip +2) 
- G(p) = 8 40 | 10p+50 vi) 


72 
9p 9p Ap" +9) 
Now, taking inverse Laplace transform of Eq. (vi), we have 
8 40 10p+50 
Uae a8 
9p 9p’ %p* +9) 


g(x) =L" | 


174 = Integral Equations 


ay=$r'f Be a Pelee Bs 50 1 A 
9 2) 9 Pp 9 p +9 9 p +9 


8 40 10 50. 
g(x) =—+—x +—cos3x +—sin3x 
9 9 9 27 


or g(x)= at +120x +30cos3x + 50sin 3x) 


EXAMPLE 8.8: Find the resolvent kernel of the following Volterra integral 
equations, and hence, find their solutions: 


(a) g(x) = f(x) + J -D gat 
0 


(b) g(x) = f(x) + fe g(a) at 
0 


Solution: (a) The given integral equation can be written as 
B(x) = fx) + gx)*x (i) 
Applying Laplace transform to both sides of Eq. (i) and using the 
convolution theorem, we have 


L{(g(x)} = Lif (x)} + Lig(x)} LO} 


or G(P)= F(P)+ G0) 
1 
or [iow =r 
s 2 
or G(p) = — F(p) (ii) 
p-l 


Let R(x — ft) be the resolvent kernel of the given integral equation. The 
required solution is given by 


a(x) = f(x) + [ROD fO at (iii) 
0 


or B(x) = f(x) + R(x)* f(x) (iv) 


Applying Laplace transform to both sides of Eq. (iv) and using the 
convolution theorem, we get 


Ligt)} =Lifr)} + LiR@)F Liss 


oF G(p)=F(p)+R(p) F(p) [where R(p) = LiR(x) 5] 
2 
or 


2 ‘ia (p) = F(p) + R(p) F(p) [Using Eq. (ii)] 
ge 
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2 
Dp 1 
or R(p) —4 5) _ 1 = 2 
ee pat 
Now, inverting, R(x) = L“'{R(—p)} = sinhx 
so that Ra — ft) = sinh(x — f) 


giving the required resolvent kernel. 
Now, substituting the above value of R(x — 1), the required solution by 
Eq. (iii) is 


g(x) = f(x) + [sinh (x -t) f(t)dt 
0 


(b) The given integral equation can be written as 
(x) = fix) + gx)*e* (v) 


Applying Laplace transform to both sides of Eq. (v) and using the 
convolution theorem, we have 


Lig(x)} = Lif(x)} + Lig(x)} Lie"} 


or GP) =FO)+ O(P)+ OW) 
a f-—SJew=rw 
p-l 
ot G(p) =? Fp) (vi) 
p-2 


Let R(x — 2) be the resolvent kernel of the given integral equation. Then, 
we know that the required solution is given by 


a(x) = f(x) + fR@-OfOdt (vii) 
0 


or B(x) = f(x) + ROX)* f(~) (vill) 


Applying Laplace transform to both sides of Eq. (viii) and using the 
convolution theorem, we get 


Ligtx)} = Life) + LAR) LUPO 


we G(p) =F (p)+R(p)F(p), where R(p) = L{R(x)} 

or 2=*F(p)= Fp) + RW (Using Bq, (vi) for GP)] 
Ee iat 

or Rp) = 2-1 
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Now inverting, R(x) =L"! (5 =e" 
p-2 


Hence, R(x -1t) =e) 
It is the required resolvent kernel. 


And now, substituting the value of R@& — #), the required solution by Eq. (vii) is 
a(x) = f(x) + fer fat 
0 
EXAMPLE 8.9: Solve the following integral equation 


f(@)= fF ae dt = (0<a@<l) 


Solution: Substituting [refer to Eqs. (8.24) and (8.25)] 


1 _ 
xeul? tov! g(vy=sv al), and AW=SW) 
Then, the given integral equation takes the form 
fu) = [ay (ii) 
) (u—v)* 


Now, taking Laplace transform of Eq. (ii), we get 


F(p)=G,(p)TA-@) p*" [since Lfu~*; p} = PA — a) p*"] 


PF,(p) 
Th G = 
us, i(P) “Tl —a) 
and A(p) aos [Refer to Eqs. (8.27) and (8.28)] 
Then, A(x) = L"'{H(p); x} 


h@) = poh EEE a 
p°T(1-@) 1 


Thus, solution of the given integral equation by (i) is 


2sinax dy tf(t) 
1 P| 2 ,2)l-o ° 
nie =e) 


g(x) = 
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8.12 FOURIER TRANSFORMS AND THEIR IMPORTANT 
PROPERTIES 
1. The Fourier or complex Fourier transform: Let f(x) be a function 
defined on (—ce, o») and be piecewise continuously differentiable and absolutely 


integrable in (—°, ec). Then, the Fourier transform of f(x), denoted by F{f(x); p} 
or F(p), is defined as 


FUS(O:2} = F(D) -—— fem pond, Ca<p<) 631) 


Here, e'* is known as the kernel of the Fourier transformation and 


20 
F represents Fourier transformation operator. 
Then, the function f(x) is called inverse Fourier transform of F(p) and is 
given by 


1 >; 
f(x) == | e” F(p) ap 8.32) 
V2 J ( 
2. The (infinite) Fourier sine transform: Let f(x) be a function defined 
for x > O and be piecewise continuously differentiable and absolutely integrable 


in (O,cc). Then, the Fourier sine transform of f(x), denoted by F,{f(x); p}or 
F(p), is defined as 


F,{f(2);p} =F,(p) = 2 J (2) sin (px) dx,(p > 0) (8.33) 
0 


j2 : Sie ta 
Here, ,/— sin px is known as the kernel of the Fourier sine transform 
1 


and F’, represents the Fourier sine transformation operation. 
The corresponding inversion formula is then given by 


f(x) - 2 J F.@)sin (px) dp (8.34) 
0 


3. The (infinite) Fourier cosine transform: Let f(x) be a function 
defined for x > 0 and be piecewise continuously differentiable and absolutely 
integrable in (0, ©). Then, the Fourier cosine transform of f(x), denoted by 
F .{f(x); p} or F.(p), is defined as 


> 
F.tpeoxph =F) | J f@)cos(px) dx, (p>0) (8.35) 
0 


2 
Here, ne cos(px) is the kernel of the Fourier cosine transform and F., 
x 


represents the Fourier cosine transformation operation. 


* For more details, readers can consult Integral Transforms by RBD. 
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The corresponding inversion formula is given by 
7 < 
f(x)= 2 J F.(p) cos(px) dp (8.36) 
0 


Remarks: (a) If the kernel of the Fourier transform is taken as e’?*, then 
Eqs. (8.31) and (8.32) take the following forms: 


co 


F(p)= | e™ fladde and fley= = | FOdp 


—oo 


(b) If the kernel of the Fourier sine transform is taken as sin px, then 
Eqs. (8.33) and (8.34) take the forms as: 


F(p)= J fe)sin (px) de and f(x) = [(p)sin pedp 
0 0 


(c) If the kernel of the Fourier cosine transform is taken as cos px, then 
Eqs. (8.35) and (8.36) take the forms as 


a pr 
F.(p)= | flx)eos(px) de and f(x) == | F.(p)e0s(px)dp 
0 (0) 


4. Linearity of Fourier transforms: Let c; be constants and f(x) [for all 
ié {1,2,..., n}] be functions with Fourier transforms F;(p), respectively, then 


Pre fi) to + fn Qs PI = CFLs PI t+ GFP OD PI 
= CF (p) +0 + 6F, (P) 
This property holds good for sine and cosine transforms also. 


5. Change of scale property: 
(a) IF FUG): p} = Fp) then Ff (ax): p}=—F(pla). 
(b) If Ff) ph= (ps then F, {f(ax): p}=—F,(pla), 
(©) IF FAP} = F(p), then FAf(ax)sp} =F. pla). 
6. Shifting property: 
If FEf(x)sp} = F(p), then F {f(x —a); p} = e”"F(p). 


7. Convolution or faltung of two functions: The convolution of two 
integrable functions f(x) and g(x), where —2, < x < oe, is expressed and defined 
as 


fte=pe | seate—mae 
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8. The convolution theorem for Fourier transforms—Statement: Let 

(a) f(x) and g(x) and their first order derivatives be continuous on (c¢, ©), 

(b) f(x) and g(x) be absolutely integrable on (9, ©), 

(c) F(p) and G(p) be Fouier transforms of f(x) and g(x); respectively. 
Then, the Fourier transform of the convolution of f(x) and g(x) exists and is 
the product of the Fourier transforms of f(x) and g(x), i.e., 


PUf* gt = Fit (x); ph -Fig(x); p} 


8.13 APPLICATION OF FOURIER TRANSFORM TO DETERMINE 
THE SOLUTION OF SINGULAR INTEGRAL EQUATIONS 


The procedure will be made clear through the following examples: 


EXAMPLE 8.10: Solve the integral equation for f(x) 


ms l-p,0<ps<l 
J f(x) 00s px dx -| e . 
: 0 , p>l 


co 


Hence, deduce that J 
0 


Solution: Let ‘a [ F00 cos px dx =F. {f (x)} = F.(p). 
0 


sin? ¢ 
2 


ae. 
2 


[2 
(i <p< 
0, 


p>l 


Hence, by the Fourier cosine inversion formula,we have 


27 eee 
F(x) == | F.(p) cos pr dp = 2 J [2 0-pycospedp 
1 0 1 0 T 


oe 2(1- —_ 


TX 


This is the required solution. 


Deduction: Substituting the value of f(x) in the given integral equation, 
we get 


72(1- l-p, 0<p<l 
(= =P) eosprds =| P P 


0, p> @) 


0 UX 


Taking p — 0, Eq. (i) yields 
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dx =1 
x 0 


2 -1—cosx * 2sin?(x / 2) 1 
-_ dx = 
Al 2 J 7 : 


Putting x = 2t, dx = 2dt, we get 


EXAMPLES 8.11: Solve the following integral equation for f(x): 


= 1 ,0<p<l 
J f(x)sin prdx =}2 , 1S p<2 
0 0, p>2 


Solution: Let ‘a [ Fe sin px dx = F. tf (x)} =F, (p). 
ae 


; 1,0<psl 

Then, rin= | 2,1<p<2 
1 

1, p>2 


Hence, by the Fourier sine inversion formula, we get 


_ 
f(x)= Aa J E@)sin px dp 
0 


1 2 = 
2 : 2 . 2 . 
f(x) ==J]-sin px dp += 2sin px dp += [ Osin pxdp 

wy ae as 


1 2 
cos px | 4] —cos px 
x | Al x 


f(x)= >| 
u 1 


2 4 
f(x) =—[-cosx +1]+— {-cos2x + cos x} 
1X 1X 


2 
f(x) =—( + cos x — 2.cos2x) 
1x 


EXERCISE 8.1 


1. Show that the solution of the integral equation 


x 


rear =x(1+x) is 35 0 x42), 
oe 
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. Solve the following Abel’s integral equation 


x 


1 
9 (X— 
. Solve the following inhomogeneous integral equations: 


(a) g(x) = x + [sinx —t) g(t) dt 
0 


(b) ax) =1- fx-Dg@ar 
0 


Also, verify the results so obtained. 


. Solve the following integral equations: 


(a) g(x) =csinx —2[cos(x A) g(t)dt 
0 


(b) g(x) =x +2] cos(x—A g(t) dt 
0 


(©) Ja ge-Odt =29(x) +x-2 
0 


(@) [g@gx-ddt=x+2g(x) 
0 
. Show that the only solution of the integral equation 


fecsin (x —t)dt = g(x) 
0 


is the trivial solution g(x) = 0. 
. Solve the following equations: 


(a) [ecos(x —t)dt=g'(x) if g(0)=1 
0 

(b) few g(x—t)dt=24x° if g(0)=0 
0 


(c) [eros —t)dt = g'(x)— g(x) if g(0)=g'(0) =0 
0 


(d) g\(x)=x+ [ g(x—Doosedt, if g(0)=4 
0 
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7. Solve the following integral equation: 


Jf) cos px dx =e? 
0 


8. Find resolvent kernel of the following integral equation: 
a(x) = f(x) +A fJo(x -D.g(0) dt 
0 
9. Solve the following inhomogeneous Abel’s integral equation: 
_ (_ 8) 
g(x) = f(x) + Afar (0 <ar<l) 
9 (x =7) 
10. Solve the integro-differential equation 


g"(x) + fe gat =e* 
0 


ig 2(0)=g'(0) =0 
Answers 
1 
x2 
3. (a) g(x) =x? er (b) g(x) = cosx 


x 


4. (a) g(x) =cxe™ 
(b) g(x) =x+24+2(x -De* 


(c) g(x) = 1 
(@) g(x)=J,(x)-[Jy(Qdt or g(x) =26(x)-J,(x) + J Jy(Oae 
0 0 
2 3/2 
6. (a) g(x)=14+ (b) g(x) = 
(c) g(x) = 0, 


5, 14 
= 44+—x* + 
(d) g(x) eT a 


7. SQ)= 


m(1+x7) 
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2 jlo 1- Vi= 2? \(x- -1) 29 41+ a{cosrvi- 7] 
0 


2 


Ate 
+ essin(x (l-A 
9. g(x)= f(x)+ JR fat 
0 
where, R(x,t)= re Gl ay(x—1)°y" 


(x—O)P [nl — @)] 72 


10. g(x)=xe*-e* +1 


G 
G 


> OO Oo 


oe 
o 
o 
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